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ABSTRACT : The main objective of this paper is to find the Special Pythagorean Triangles with one leg as 

perfect number and where their perimeters are quaternary numbers. Cases, when one leg and the hypotenuse 

are consecutive odd numbers, are also discussed. A few interesting results are observed.   
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I. INTRODUCTION 
Pythagorean study of numbers involved classification of numbers. They were the first to dwell upon 

the properties of numbers. Perfect numbers intrigue mathematicians all over the world. There is a magic about 

them which captivates the mathematicians, who love numbers, to find further connections with other numbers. 

Around 2300 years ago, Euclid proved that if 2
p 
-1 is a prime (later called Mersenne prime) then 2

p-1 
(2

p 
-1) is a 

perfect number, where p is prime. In eighteen century Euler proved the converse- Every even perfect numbers is 

of the type 2
p-1 

(2
p 
-1) where

 
(2

p 
- 1) is mersenne prime [1].  

Triangular numbers played very important role in Pythagorean theory of numbers and number four was 

very sacred to Pythagoras [2]. An almost unlimited plethora of opportunities for finding amazing numerical 

relationship is offered by Pythagorean triangles [3]. Rana and Darbari studied special Pythagorean Triangles in 

terms of triangular Numbers [4]. Darbari studied special Pythagorean Triangles in terms of Hardy-Ramanujan 

Number [5]. An attempt has been made to find special Pythagorean triangles with one of the leg as perfect 

number and their perimeters as quaternary number. 

 

II. METHOD OF ANALYSIS 
1 Introduction  

As mentioned above, number four was very hallowed to Pythagoras. As his philosophy was based on 

numbers, he considered that everything in the universe can be explained in eleven forms of quaternaries [6]. 

Paying homage to Pythagoras, we can define a new number called quaternary number. 

2 Some Definitions 

Definition 2.1 Let n be a given natural number. Define a sequence associated with n as n1, n2, n3, …, ni 

where ni+1 is the sum of squares of the digits of ni. Then n is quaternary number if and only if there exists some i 

such that ni + 1 = 4. If n is a quaternary number then it follows immediately that all the members of its associated 

sequence are also quartenary.  

Example 1: 4 as 4 is a single digit number. 

Example 2: 14. The associated sequence is:1
2
 + 4

2
 = 17, 1

2
 + 7

2
 = 50, 5

2
 + 0

2
 = 25, 2

2
 + 5

2
 = 29, 2

2
 + 9

2
 = 85, 8

2
 

+ 5
2
 = 89, 8

2
 + 9

2
 = 145, 1

2
 + 4

2
 + 5

2
 = 42, 4

2
 + 2

2
 = 20, 2

2
 + 0

2
 = 4.  

Note: These numbers were termed as unhappy numbers as the sequence didn’t terminate in 1. 

 Definition 2.2  A natural number p is called a Triangular number if it can be written in the form:  

 


 


,
2

)1(
p  

Definition 2.3 A natural number q is called a Hexagonal number if it can be written in the form:  

   ),12(q   

Every hexagonal number is a triangular number as:  

2

)1(
)12(





q  , where  = 2. 
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Definition 2.4 A positive integer is called an evil number if its Hamming weight of its binary representation is 

even. 

Definition 2.5 A positive integer is called an odious number if its Hamming weight of its binary representation 

is odd. 

Definition 2.6 A positive integer is called a pernicious number if its Hamming weight or digital sum of its 

binary representation is prime. 

Definition 2.7 A natural number is called a perfect number if it is the sum of its proper positive divisors i.e., its 

aliquot sum. 

3 Some Properties of Perfect Numbers  

Some properties of perfect numbers studied by Voight [7] are as follows: 

1. (Euclid) If 2
p 
-1 is prime then 2

p-1 
(2

p 
-1) is a perfect number. 

2. (Euler) If N is an even perfect number then N can be written as N=2
p-1 

(2
p 
-1), where 2

p 
-1 is a prime. 

3. (Cataldi-Fermat) If (2
p 
-1) is prime then p itself is prime. 

4. If N is an even perfect number then N is triangular. 

5. If N=2
p-1 

(2
p 

-1) is perfect and N is written in base two then it has 2p – 1 digits, first p of which are 

unity and rest p – 1 are zero. Thus apart from 6 every even perfect number is pernicious number and hence an 

odious number. 

6. Every even perfect number either ends in 6 or 8. 

7. (Wantzel) The iterative sum of digits of an even perfect number other than 6 is one. 

8. If N = 2
p 
(2

p 
-1) is even perfect number, then N = 1

3
 + 3

3
 + … + (2

(p – 1)/2
 – 1)

3
. 

9. Every even perfect number is also a hexagonal number. 

 Whether odd perfect numbers exist remains in darkness till today [8]. 

Table for first ten perfect numbers [9]: 

S.N. p N=2
p 
(2

p 
-1) 

1 2 6 

2 3 28 

3 5 496 

4 7 8128 

5 13 33550336 

6 17 8589869056 

7 19 137438691328 

8 31 2305843008139952128 

9 61 2658455991569831744654692615953842176 

10 89 191561942608236107294793378084303638130997321548169216    

4 Special Pythagorean Triangles with one leg as perfect number 

The primitive solutions of the Pythagorean Equation: 

  
222 ZYX                                                (1) 

is given by [10]: 

 
2222 ,2, nmZmnYnmX         (2) 

for some integers m, n of opposite parity such that m > n > 0 and (m, n) = 1.  

Since perfect numbers are even, the leg which represents perfect number is Y = 2mn. 

5  Hypotenuse and one leg are consecutive odd numbers 

 Now, if one leg and hypotenuse are consecutive odd numbers, in such cases:  

                                                          ZX  2  

 
1

2 2222





n

nmnm

                                                                   (3)                                                                                                                        

Solving (2) with the help of software Mathematica for X and Z when Y is perfect, we get two primitive 

Pythagorean triangles except for Y = 6, for which we get just one solution that too is not primitive. We observe 

that for every perfect number Y for n = 1 (3), one pair (X, Z) consists of consecutive odd numbers. Following 

are the special Pythagorean triangles with first ten perfect numbers as Y. 

1. Y = 6. 

m n X Y Z X
2  

Y
2 

X
2
 + Y

2 
=

 
Z

2

  
X + Y + Z 

 

3 1 8 6 10 64 36 100 24 

2. Y = 28 
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m n X Y Z X
2  

Y
2 

X
2
 + Y

2 
=

 
Z

2

  
X + Y + Z 

 

7 2 45 28 53 2025 784 2809 126 

14 1 195 28 197 38025 784 38809 420 

3. Y = 496 

m n X Y Z X
2  

Y
2 

X
2
 + Y

2 
=

 
Z

2

  
X + Y +Z

 

31 8 897 496 1025 

 

804609 246016 1050625 2418 

248 1 61503 496 61505 

 

3782619009 246016 3782865025 123504 

4. Y = 8128 

 
5. Y = 33550336 

 
6. Y = 8589869056 

 
7. Y = 137438691328 

 
8. Y = 2305843008139952128 
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9. Y = 2658455991569831744654692615953842176 

 
10. Y = 191561942608236107294793378084303638130997321548169216 

 
 

III. OBSERVATIONS AND CONCLUSION 
We observe that  

1. X + Y + Z = 0(mod 6).  

2. For n = 1, perimeter is four times a triangular number.  

3. Except for Y = 28 and n ≠ 1, the number of zero’s and one’s are the same in the binary representation of the 

perimeter. 

4. For Y = 28 and n ≠ 1, the number of one’s is 6 which itself is a perfect number, in the binary representation 

of the perimeter. 

5. For n = 1, the number of zero’s is one more than the number of one’s in the binary representation of the 

perimeter. 

6. X + Y + Z is evil. 

7. X + Y + Z is quartenary number.  

8. Each Y is pernicious number 

  

9. The number of zero’s is one less than the number of one’s in the binary representation of Y. 

10. Except for Y = 6, all X and Z are evil. 

11. For Y = 6, X is an odious number. 

 In conclusion, other special Pythagorean Triangle can be found which satisfy the conditions other than 

discussed in the above problem. 
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