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I. Introduction

The notion of a fuzzy set was introduced by L.A.Zadeh[10], and since then this concept has been
applied to various algebraic structures. The idea of “Intuitionistic Fuzzy Set” was first published by
K.T.Atanassov[1] as a generalization of the notion of fuzzy set. M.K.Sen and N.K.Saha [9] introduced the
notion of a - semigroup as a generalization of semigroup and ternary semigroup.Many results of semigroups
could be extended to - semigroups directly and via operator semigroups in terms of fuzzy sets[10]. In this
paper, we introduce the notion of left and right operator semigroups of a - semigroup and study their
structures and properties.

II. Preliminaries
Definition 2.1[2] Let S and I" be two non-empty sets .S is called a ['—semigroup if there exist mappings from
SxI'xS to S ,written as ( a,a,b) —aab and from I'xSxI" tol” ,written as
(o,a,p) > oap satisfying the following associative laws (aab)Bc = a(abf)c = ac(bfc) and a(apfb)y = (aaB)by =
aa(Bby) for all a. b, ¢ € S and for all o.,B,y €.
Definition 2.2[2]. Let S be a I'-semigroup. By a left (right) ideal of S we mean a non-empty subset A of S such
that STA C A (ATS C A) where STA = { xay | xeS, ael, yeA} and AT'S = { yox | yeA, ael, xeS }. If A is
both a left and a right ideal, then A is a two sided ideal or simply an ideal of S.
Definition 2.3[2]. A T" — semigroup S is said to be commutative if ayb =bya foralla,b € Sand forall y € I
Definition 2.4[2]. A T"—semigroup S is called regular if for each element x in S, there existy €8,
o, B € I such that x =xaypx .
Definition 2.5[2]. Let S be a I' — semigroup. Let us define a relation p on SxI" as follows
(x,a)p(y,p) if and only if xas = yBs for all seS and yxa = yyp for all yeI".Then p is an equivalence relation. Let [
X, o] denote the equivalence class containing ( X, a). Let L={ [ X, a] : x €S, o €I" }.Then L is a semigroup with
respect to the multiplication defined by [ x, ][ y, B] = [xay, B].This semigroup L is called the left operator
semigroup of the ' —semigroup S. Similarly the right operator semigroup R of the I' —semigroup S is defined where
[ a,a][B,b] = [a,apb]. If there exists an element [d,e] € R such that xde = x for every element x of S, then it is
called right unity of Sand it is the unity of R. Similarly [fy] € L such that fyx=x for every element x of S, then it is
called the left unity of Sand it is the unity of L.
Definition 2.6 [7]. A non-empty fuzzy set p of a I'— semigroup S is called a fuzzy left (right) ideal of S, if
pxay) > w(y) [ wxay) > w(x)], forallx , y € Sand a € T'. If p is both a fuzzy left ideal and a fuzzy right ideal of
S, then p is called a fuzzy ideal of S.

Example2.7.Let S be the set of all non-positive integers and I" be the set of all non-positive even
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integers.Then S is a I'1[1 semigroup if ayb and aaf} denote the usual multiplication of integers a,y,b and a.,a ,3
respectively where a ,be S and a,,yel".Let 1 be a fuzzy subset of S ,defined as follows
ux)={1 ifx=0,
0.1 ifx=-1,-2,
0.2 if x< -2.
Then p is a fuzzy ideal of S.

Definition 2.8 [8]. For a fuzzy subset p of R, we define a fuzzy subset u” of Sby p'(a)= /\ u([y,a]), where
yell
aeS. For a fuzzy subset 6 of S, we define a fuzzy subset 6~ of Rby o ([a,a] ) = A O (soa ), where [ a,a] €

ses§

R.

Definition 2.9 [8]. For a fuzzy subset 6 of L, we define a fuzzy subset 6~ of S by 6 (a) = /\ o( [ay] ),
yell

where acS. For a fuzzy subset 1) of S, we define a fuzzy subset n™ of L by

n"([aa])= A n(aos), where [a,o]€ L.

ses

Definition 2.10 [1]. Let X be a nonempty fixed set. An intuitionistic fuzzy set A in X (IFS in short) is an object
having the form A = { <x, pa(x), va(x)> /x € X }, where the functions

pa: X —[0,1] and v : X — [0,1] denote the degree of membership and the degree of non-membership of the
element xeX to A , respectively, and for every x e X satisfying the condition 0 < pa(x) +va(x) < 1.
Notation. For the sake of simplicity, we shall denote the intuitionistic fuzzy set

A={<x,pa(x),va(X)> /x € X} by A= <pyva>.
Definition 2.11 An IFS A= <p, voa> in S iscalled an intuitionistic fuzzy left ( resp. right ) ideal of a I'-
semigroup S if
(1) pa(xay) = pa(y) [resp. pa(xoay) = pa(x)],

(1) va(xay) < va(y) [resp. va(xay) < va(x)] forallx,y e Sandoa e I'.
Definition 2.12 For an intuitionistic fuzzy subset A = < p, v,> of R, we define an intuitionistic fuzzy subset

A'=<pp*va*> of Sby pua*(@) = /\ pa([v.a]) and va(a) =V va(y.a)),

yell yell
where a€S.For an intuitionistic fuzzy subset B = < pg vg> of S, we define an intuitionistic fuzzy subset B"=<
™' vi*'> of R by ps*'([oal) = A s (saa) and vsH([oal)= \/ vis(saa),
seS se§

where [ o ,a] € R.

Definition 2.13 For an intuitionistic fuzzy subset A =< p, va> of L ,we define an intuitionistic fuzzy subset A"
=< }JA+’VA+ >of S by

@) = A pa(ag]) and var(@) = V. va([ay]), where acM.
yell yell
For an intuitionistic fuzzy subset B = < ug vg> of S, we define an intuitionistic fuzzy subset B" =< uB+',vB+'>
of Lby ug" ([a,] ) = A mp(acs)and vg" ([a,a])=\/ vs(a as), where [a,a]€ L.
ses ses

Definition 2.14 If {A; },c; be an arbitrary family of IFSsin X, where A; =< A pa;, V va> for each iel.
Then (i) A, = </\,uA RN > ,

(i) UA, = <V,UA,, AV, >

II1. Intuitionistic Fuzzy Ideals Of Right And Left Operator Semigroups Of A

I' - SEMIGROUP

Throughout this paper, let S denotes a I';|[J] semigroup with left unity and right unity. R denotes the right
operator semigroup and L denotes the left operator semigroup of Sand IFLI(S) [resp. IFRI(S), IFI(S)] denotes
the set of all intuitionistic fuzzy left ideals [resp. intuitionistic fuzzy right ideals , intuitionistic fuzzy ideals] of
S.
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Theorem 3.1. If { A;| il } is a collection of intuitionistic fuzzy sets of R, then

(V)= pay and (U vam = (U vaiy"

iel iel iel iel
Proof. Let xeS. Now ([ 1pa)'@= A [([ ) ) ([r:x])]
iel yell el
= AN A (milrx])]
yell iel
= A TA (D]
iel yell
= A @] = ([ pa)).
iel iel
So(n UAi*)z(nHAi)*'
iel iel
aso(Uva)'@ =V 1(Uva(rx
iel yell el
=V [V (valrx])]
yell iel
=V [V [va(lrxD]
iel yel
=V @] =(Uvane.
iel iel
so(Uvar)=(Uwva .
iel iel

Theorem 3.2 If { A;| iel } is a collection of intuitionistic fuzzy sets of L, then

(M) =M and (U vy = Uy

iel iel iel iel
Proof. Let xeS. Now ([ 1) (9= A [([Vpa) ([x3])]
iel yell el
= N [N (milxyD]
yel' iel
= AN LA [pa(Ixy])]
iel yell
= A @] = (i),
iel iel
So ([ =N
iel iel
Also(Uva) ) = V' 1(Uva(xn)1
iel 7/EF iel

=V [V (valxy])]
yel' iel

=V [V [va(lxyD]
iel yell
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=V @] = (U v,

iel iel

so(Uvaty=(Uwu)"

iel iel

Theorem 3.3 If A = < py va> e IFI(R) [resp. [FRIR), I[FLI(R)], then A* = < p * v *> e IFI(S) [resp.
IFRI(S), IFLI(S)].
Proof. Let A be an intuitionistic fuzzy ideal of R. Then

Leta,b €Sand o € I'. Now

ma*(aab) = /\ pa([y, aob])
yel’

= A [y, allob])
yell

> /A pa([r:a]) = pa*(a).
yell
Again

m* (aab) = /N py( [y, acb] )
yell

= /\ pa([y, allob])
yell

> /\ pa([onb])
yell
= pa( [ab])

> A\ pa([r.b]) = pa*(b).
yell
Similarly

vA¥ (aab) = V va( [y, aob])
yell

=V _va(l, aJ[a,b])
yell

<V va([1,a]) = ma*(a).
yell
Again

va* (aab) = V' vu( [y, aab])
yell

=V va(Iy, alloub] )
yell

<V va([ab])
yel’
= VA( [(X,b] )

<V va([1.b]) = va*(b).
yell
So A* is an intuitionistic fuzzy ideal of S.
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Theorem 3.4 If A = < p, vao> € IFI(S) [resp. IFLI(S), IFRI(S)], then A¥ =< MA*”VA*’ > e IFI(R) [resp.
IFLI(R), IFRI(R)].
Proof. Let A be an intuitionistic fuzzy ideal of S. Then
Let[ a,a],[ B,b] € R. Then '
na* ([ oual [ B,b]) = pa* ([ o,aPpb])
= A s (s0aBb)

sesS

> A [uasBb)] = ua*([B.b]).

ses§

va* ([ o] [ B.b]) = va* ([ a,aBb])
=\/ Va(soafb)

seS
> \/ [va(sPb)] =va*([B.b])
se§
Similarly we can show that p,*'( [o,a][B,b] ) > pa* ([o,a]) and
' va* ([a,a][B,b]) < va* ([an,a]).
So A* is an intuitionistic fuzzy ideal of R.
Theorem 3.5 If A = < py vo> € IFI(L) [resp. IFRI(L), [FLI(L)], then A" = < py" v4" > € IFI(S) [resp. IFRI(S),

IFI(S)].
Proof. Let A be an intuitionistic fuzzy ideal of L.Then
Leta,b eSanda € I'. Now

pa'(aab) = A pu([aob,y])
yel
=N “A( [a,a] [bDY] )
yel
2 A pa(fa,0] ) = pa(fa,a])
yel

2 A pa(lay])
yel

= IJ-A+ ().
pa (aob) = A pa([aab,v])
yell

= A pa([aa] [by])
yell

= A pa([biy])
yel

=" (b).
va'(aob) = V vu([aab,v])
yel
=V va([a,a] [by])
yel

<V va([a,0] )= va([a,a])
yell

< \% VA( [a’Y] )
yel

=va (a).

va'(aab) = V va([aab,y])
yel
= \/ VA( [aaa] [baY] )
yell

<V ova([by])
yel

= VA+ (b)
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So A" is an intuitionistic fuzzy ideal of S.

Theorem 3.6 If A = < py, vy > € IFI(S) [resp. IFLI(S), IFRI(S)], then A*'= < u " v," > € IFI(L) [resp.
IFLI(L), IFRI(L)].

Proof. Let A be an intuitionistic fuzzy ideal of S. Then

ia” ([aolbB]) = e ( [acb,B)
= A ta([acbBs])

seS

> A [na([aas]) = pa"([a o] )
seS§
va" ([a,a][b,B]) = v4"'([acb,B])
=\ Va([aobPs])
seS
<\ [va([aas) = vy (2 a])
seS
Similarly we can show that p,* ([a,a])[ b,8]) > pa"' ([ b,8]) and
, va" ([a,a] )[ b.B]) < vA" ([ bB]).
So A" is an intuitionistic fuzzy ideal of L.
Theorem 3.7.Let S be a I'- semigroup with unities and R be its right operator semigroup.Then there exists an
inclusion preserving bijection A—A* where A € IFI(S) [resp. IFLI(S)] and
A*'e IFI(R) [resp. IFLI(R)].
Proof. First we shall show that ( A¥ )* = A, where Ae IFI(S). Leta € S. Then

(ma*)* @ = A [pa* ([r.aD) ]
yel
=ATA [raGra)]]
yel seS

2 A A [ra@) 1= pa(a).

yel" ses

Va¥) ¥ (@)= V_ [va*¥ ([1.a])]
yel

=V [v [vabsya)]]

yel ses
<V [\ [va@) ]]1=va(a).
yel sesS
So A< (A* )*. Let [e,8] be the left unity of S. Then edx =x forall x € S.

Now

na(a) = pa(eda)

2 N[ [raGsya) 1= y/\r (a*)* ([.a])= (ua*)* (a),
seS €

Va (a) =v, (eda)

<V [y vara)11= V. (va¥)* ([r.a]) =(va )* ().

ye seS yell
So (A* )* — A. Hence A =(A* )*,
Again , let A be an intuitionistic fuzzy ideal of R. Now
(1A * ([o,a) = A [ Ba* (saa)]

sesS

= A [A [ua(ysoa)]]
seS§ yel

= A LA [pallys]loa]]
seS 7€F

, > py ([o,al).

(va™) * ([a, a]) =\/ [va* (saa)]

seS

vV
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[V [va(ysaa)]]
yell

sesS
= v [ V. [vally.s][o.aD]]
ses 7€F
> v, ([0,a]).S0 A = (A*)* . Let [ ,e] be the right unity of S. Then

Ha ([2a]) = Ka([ 3:¢] [oa] )
Z A [y/e\F [uaCly,s][o,a] ) 1]

ses
= (1a%)* ([, a]).
va ([ona]) = va([ 8,¢] [o,a] )
<v [V [vally,s][o,a])]]
seS yel
=(va9* ([a,a]).
So AD(A*)* . Thus A = (A¥*)* .
Thus the correspondance A—>A"isa bijection. Now let A;, A, € IFI(S) be such that A; < A,
Then par® ([anal)= A Mai(soa) < A pax(saa) = pa* (Josa ),
seS se§
var® ([ona] ) = \/ Vai(s0a) = \/ vas(saa) = var*' ([asa] ) forall [o,a] € R.
seS se§
So Al*'g AQ*’-
Similarly we can show that if A| < A,, where A;, A, € IFI(R), then A* < Ay So the mapping A—A* is an
inclusion preserving bijection.
Theorem 3.8.Let S be a I'-semigroup with unities and L be its left operator semigroup. Then there exist an
inclusion preserving bijection A—A" where A € IF I(S) [resp. IFLI(S)] and
A" e IFI(L) [resp. IFLI(L)].
Proof. First we shall show that (A" )" = A, where Ae IFI(S). Leta € M. Then

(m" )@= A [m"([ay])]
yel

= A LA )]
yel

seS

2 N [ A [ra@)]]=pa(a).

vel ses
(va" )@=V _[va([ay])]

yel

=V [y [valars) 1]
}/EF ses

<V [\ [va(@) ]]=va(a).
vel seS

So Ac (A")". Let [ 8,¢] be the right unity of S. Then x8¢ = x for all x € S.

Now
Ha(a) = pa( ade)
2 /\r [A [raays)]]= /E\F " ([ay]) =(ua"™) ().

sesS

va(a) = va(ade)

<V v [va@s) 1= 1" ) '@

yel ses
So(A") c A. Hence A= (A")".
Again, let A be an intuitionistic fuzzy ideal of L. Now

(1) " (a0 = A pa'(a0s)

ses§
= A [ A [palaas,y)]]
seS }/EF
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A [y/\ [ma(la, o] [s,yD]]
seS €

ua ([, a])

(va)" ([aa) = \/ va'(aas)

seS

= v [V [valas,1)]]
ses rel

=\ [V [valla, o] [s;y])]]
ses  rel
, < Va ( [a7 a])

SoAc (AH". Let[e, 8] be the left unity of S. Then
ua ([a,0]) = pa([a,a] [e, 8])

2 A LA [naCla, o] [s7])]1]

ses  rel

=(ua) " (0.
Va ([aaa]) = VA([aaa’] [ea 8])

Swv [V [va(la, o] [s,7])]]

seS 76F

=(va) " (al).
So A (A" Thus A=(AH"".
Thus the correspondance A—>A"isa bijection. Now let A, A, € IFI(S) be such that A; c A,
Then pa"([a,0]) = A Bai(aos) S A paaos) = pa”(aal ),

seS seS
vai ([a,0]) = \/ vai(aas) > \/ Va(aos) = va,"([a,0] ) forall [a,a] L.
seS seS

So A" c AL
Similarly we can show that if A; = A,, where A, , A, € IFI(L), then A,;" = A,". So the mapping A—>A" is an
inclusion preserving bijection.

v
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