International Journal of Engineering Science Invention
ISSN (Online): 2319 — 6734, ISSN (Print): 2319 — 6726
www.ijesi.org ||Volume 5 Issue 3|| March 2016 || PP.45-61

Fuzzy random variables and Kolomogrov’s important results

'Dr.Earnest Lazarus Piriya kumar, °R. Deepa,
!Associate Professor, Department of Mathematics, Tranquebar Bishop Manickam Lutheran College, Porayar,
India.
?Assistant Professor, Department of Mathematics, E.G.S. Pillay Engineering College, Nagapattinam,
Tamilnadu, India.

ABSTRACT :In this paper an attempt is made to transform Kolomogrov Maximal inequality, Koronecker
Lemma, Loeve’s Lemma and Kolomogrov’s strong law of large numbers for independent, identically distributive
fuzzy Random variables. The applications of this results is extensive and could produce intensive insights on
Fuzzy Random variables.
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I. Introduction
The theory of fuzzy random variables and fuzzy stochastic processes has received much attention in
recent years [1-12]. Prompted for studying law of large numbers for fuzzy random variables is both theoretical
since of major concern in fuzzy stochastic theory as in the case of classical probability theory would be the
different limit theorems for sequences of fuzzy random variables and practically since they are applicable to
statistical analysis when samples or prior information are fuzzy. The concept of fuzzy random variables was
introduced by Kwakernack [4] and Puri and Ralesea [6].

In order to make fuzzy random variables applicable to statistical analysis for imprecise data, we need to
come up with weak law of large numbers, strong law of large numbers and Kolomogorov inequalities. In the
present paper we have deduced Kolomogrov maximal inequality, Kronecker’s lemma, and Loeve’s Lemma.

2. Preliminaries

In this section, we describe some basic concepts of fuzzy numbers. Let R denote the real line. A fuzzy
number is a fuzzy set @i : R — [0, 1] with the following properties.

1) @ is normal, i.e. there exists x € R

2) i is upper semicontinuous.

3) Suppii = cl{x € R : 1i(x) > 0} is

rights reserved.

4) i is a convex fuzzy set, i.e. W(Ax + (1 — A)y) = min (@i(x)), @ (y)) forx,y, e Rand 4 € [0, 1].

Let F(R) be the family of all fuzzy numbers. For a fuzzy set i, if we define.
{x:i(x) >x},0<x <1,
L,ii=

Supp it x =0

Then it follows that @ is a fuzzy number if and only if L;& # @ and L, is a closed bounded interval
foreach 4 €0, 1].

From this characterization of fuzzy numbers, a fuzzy number i is a completely determined by the end
points of the intervals L, = [w, ,uy 1.

3. Fuzzy Random Variables:
Throughout this paper, (©, 4, P) denotes a complete probability space.
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If : Q - F(R) is a fuzzy number valued function and B is a subset of R, then X~1(B) denotes the fuzzy subset
of 2 defined by

X1(B) (@) = Sup,esK(@)(x)
for every w € Q. The function X : Q — F(R) is called a fuzzy random variable if for every closed subset B or
R, the fuzzy set X~1(B) is measurable when consider as a function from Q2to [0,1]. If we denote X(w) =

{X;(w),X,Zl(w) |0 < «x < 1}, then it is a well-known that Xis a fuzzy random variable if and only if for each
o« € [0,1]. X, and X, are random variable in the usual sense (for details, see Ref.[11]). Hence, if o ()?)is the

smallest o — field which makes Xis a consistent with o({X, ,X;|0 <« < 1}). This enables us to define the
concept of independence of fuzzy random variables as in the case of classical random variables.

4. Fuzzy Random Variable and its Distribution Function and Exception

Given a real number, X, we can induce a fuzzy number & with membership function &; (r) such that &;
(x) <1 for r =+ x (i.e. the membership function has a unique global maximum at x). We call @ as a fuzzy real
number induced by the real member x.

A set of all fuzzy real numbers induced by the real number system the relation ~ on F as 1 ~ 72 if
and only if ¥ 'and %2 are induce same real number x. Then ~ is an equivalence relation, which equivalence
classes [¥ ] ={d|da~ X }. The quotient set Fy/ ~ is the equivalence classes. Then the cardinality of Fy/~ is

equal to the real number system R since the map R — Fr/ ~ by x = [¥ ] is Necall Fr/ ~ as the fuzzy real
number system.

Fuzzy real number system (Fr/ ~ )rconsists of canonical fuzzy real number we call Fr/ ~ )r as the
canonical fuzzy real number system be a measurable space and R, B be a Borel measurable space. g (R) (Power
set of R) be a set-valued function. According to is called a fuzzy-valued function if {(x, y) : yef(x)} is M x B.
f(x) is called a fuzzy-valued function if f : X — F (the set of all numbers). If £ is a fuzzy-valued function then
f. is a set-valued function [0, 1]. f is called (fuzzy-valued) measurable if and only if £, is (set-urable for all xe
[0,1].

Make fuzzy random variables more tractable mathematically, we strong sense of measurability for
fuzzy-valued functions. f(x) be a closed-fuzzy-valued function defined on X. From Wu wing two statements are
equivalent.

£V (x) are (real-valued) measurable for all o € [0, 1].
fuzzy-valued) measurable and one of £ (x) and £,V (x) is (real-value) measurable for all <€ [0,1].

A fuzzy random variable called strongly measurable if one of the above two conditions is easy to see
that the strong measurability implies measurability. u) be a measure space and (IR, B) be a Borel measurable
space. g (R) be a set-valued function. For K € R the inverse image of f.

={xeEX:f(x)NK =0}
u) be a complete g—finite measure space. From Hiai and Umehaki ing two statements are equivalent.

Borel set K € R, f* (K) is measurable (i.e. f* (K) € M), y€ f(x) is M x B - measurable.

~ - - ~-L ~ 2 - ~ ~
If & is a canonical fuzzy real number then %,” = %, Let Xbe a fuzzy random variable. %% and %Y are random

variables for all x and %V. Let F(x) be a continuous distribution function of a random variable X. Let f;L and
x{have the same distribution function F(x) for all <€ [0,1]. For any fuzzy observation ¥ of fuzzy random
variable X (X (w) = % ), the «-level set ¥  is ¥ =[xk , ¥Y]. We can see that ¥tandx{ are the
observations of % and %Y, respectively. %.(w) = %% and ¥¢ (w) = %V are continuous with respect to « for
fixed w. Thus %%, ¢ is continuously shrinking with respect to «. Since [%%, Y] is the disjoint union of [¥%,
x&] and (%f, %] (note that %{ = %{’), for any real number x € [%{, X{], we have x = X5 or F (Zg) with x. If we
construct an interval
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Ay = [min { infogp < F(%5), infogs <1 F(Z5) }
max {supw<p <1 F(X5), SUPacs <1 F(XH)}

then this interval will contain all of the distributions. (values) associated with each of x € [%%, U], We denote
F(®)the fuzzy distribution function of fuzzy random variable X . Then we define the membership function of
F (%) for any fixed xby

$re (1) =supocust X | A, (1)

via the form of “Resolution Identity” . we also say that the fuzzy distribution function F(%) is induced by the
distribution function F(x). Since F(x) is continuous .we can rewrite A, as

Ay = [min {infeg< F(fﬁL)n ming<g < F(f/%) }
max {max <z < F(%5), max.<5< F(%5)}]

In order to discuss the convergence in distribution for fuzzy random variables in Section 4, we need to claim
F (%) is a closed-fuzzy-valued function. First of all, we need the following proposition,

We shall discuss the strong and weak convergence in distribution for fuzzy random variables in this section. We
propose the following definition.

Definition 3.1 Let X and {%,} be fuzzy random variables defined on the same probability space (2 A P).
i) We say that {X,,} converges in distribution to Xlevel-vise if (£,)% and (%,)Y converge in distribution to X

.

and X Z respectively for all a. Let (%) and F (%) be the respective fuzzy distribution functions of X _ and X.
We say that {X, }converges in distribution to X strongly if

imF  ®=>F @

n->o«

i) We say that {X,,} converges in distribution to Xweakly if

imF  ®>F @

n->o«

From the uniqueness of convergence in distribution for usual random variables.We conclude that the above
three kinds of convergence have the unique limits.

5. MAIN RESULTS

THEOREM 5.1 (KOLMOGOROU CONVERGENCE THEOREM)
Let {Xn} be independent fuzzy random variables with
EXn=0and 2= EX2<e,n>1
If ¥, EX2<o then Yo_; X, converges a.s.

Proof : Fore >0

€P [IEFn  Usxeoa [ (Xdx -V (X)X 1= € |]

<Yy EUaen  *[(XD) v XDE]
<e® if m,n>n,

Therefore
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PIUXIs: Uxeo1 o [Kp)x—V X)E1=€ 1<€

i.e.

P [[Uxeo1) @ [Smda— Sp1)o V Smdol =€ ]
< €
if m,n>ny

i.e, {Sn} isa calculcy sequence in probability.

@ Sni S Say. Hence by Levys Theorem
S,2 S as.
ie. Yoo, X, conveyesa.s.
Definition 5.1:
Two sequences of Fuzzy random variables {X,}
and {Y} are said to be tail equivalent if

Z‘;.lo=1 P (Xo# Yn) <o

THEOREM 5.2 :
Suppose that {X,}%_; be a sequence of independent fuzzy random variables.

Let

X, 1 X, <1
Xi= { n 1 s foralln>1

0 if |X,0> 1

Then the series Y X,, converges a.s. if the following series converges.

@ I PWi|X,w)/> 1)<
(b) 7 E (X1 ))convergesand
(© 7o oy <o

Proof

Suppose that the three conditions hold. Because of byKolmogorov Khintchic theorem.

s U (XD EGe) V(K& - E X)) ]

Conveys a.s. Then (if) implies
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Yo (X))o v (XHE converges ass.
By (a) and Borel Can telli lemma

P (IUxe1) ¢ [Kndo V(Xn)x1>1 i0.)=0
S0 |Uwe,1] ¢ [Kn ) VXK )& ]IS 1 as.

Thus

Y1 Uxe1] ¢ [(Xn )« V (Xq ) ] Converges a.s.

Conversely

if Zn Uoce(O,l] OC[(Xn );V (Xn )g—c]
Converges a.s. then the fuzzy random variables

X,~2 0 as.

Hence P (|Uxe0) ¢ ((Xa ), vV (Xa)E)>11i0.)=0

This implies (a) byBorel Zero one law. Now

{X, }r-qand {X, },;>—; are tail equivalent sequences
Soitisclearthat Yo,  Uxeo1] € [(Xi)s V (XD ]
converges a.s. when ¥°_;  Uxe,1] € [Xn Do V (X ) ]
converges a.s.

Now[ Uweo1) % [(X3)« v (X3 ) I=1 is a sequence

of uniformly bounded indepdent fuzzy random variables

Let Sp= 3" Uxeo @ (X )a-Vv XDE)

Since X2 Ucxeo1) @ [(X1)o — (X, Do )] converges a.s.

limn—mo P( Supmzn | Uth(O,l] a [((Srln);c - (Srll );( ) \ ((Srln); - (Srln); ) = E] =0

By the lower bound of Kolmogovovs inequality

P(SuPmzn | Uxe1)  o[((Sm)ec—(Sn)a) V ((Sm)k — (Sm)%) > €

(2+€)?
2

2;0:1 Iy1
]

> 1-

Now if
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%710) = oo, then we have
j

P(SuPmzn  [Uxeo1  ol((Sm)a—(adx )V ((Sh)E—(Sm)X) =€) =1

This contradicts the contention (1)

So X%, a)? <o proving (c)
i

The Khintchine — Kolmogoroves theorem implies

i Usxeoar @ (XD —EXR)o)) V ((XR)E - EXR)E))
converges a.s.
Now Since Z}”:lX}[ converges a.s.

We have ¥7_; (X1) convergent proving (b)

THEOREM 5. 3 (KOLMOGOROVS INEQUALITY)

Let X; X, X, . ... beindependent fuzzy random variables and

E(X?)<oo, i>1. IfS,=Y",X;, and

€> 0 then

a) €2P (max; g >, Use,1] @1 (k) —ESk Do) IV (S )k —E(Sk )ED = €<Xp, o

and if moreover

Useo,] @[ X)) =X )¥| <C<was.
then

2+€)2 _ _
P maxigsn  Useorp @0k )x—ES x|V ()& —E(S )& =€

n
Y =10

b) 1-

Proof :
We assume EX, =0, k>1.

Define a fuzzy random variables + by

{1stk, n=>k=>1

n+1 otherwise Suchthat SZ > €? ifthere is such a k.

Then (max <, Uwe1] &[Sk ) ~V(Sk )x 1= €] =[t=<n]and [t=k] € —B(X1Xz. .X)

Hence
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Jemig Uxeon) @10k )a (Sn)da = Sk )ad V (S )x ((Sn e — (S ))) d P

EUxe1] @[Sk Doci=k ((Sn ) = (S Do) V ((Sn )k — (S )]

E[Suie=r] E (((Sn ) — Sk Do) V ((Sn)& = (S2)D)]

=0

Therefore,
Jieiy (Sn)& dP
=g (i) + (Snda =S V (S)E +((Sa)E — (S )E) dP
= Jimg (S + (S)oe = (S V (S)E + (823 = (S2)E)
2.((Sn e = (S (1)) V (Sa)k = (S)E — (S, )3 dP
= g i) —(Si)E) dP
>e? P(t = k) (5.1)

Therefore

€2 P(t<n)= €2 Y7 P (t=K)

IA

Jieey (SO% V(SDE) dP

[ DX V(SH) dP
= E(SD) ( 52)
But

ES: = Xia EXDE VXD

Let X; X, X, . ... beindependents.

So from (3) and (1)

€2 P [max1gq< Sy =€]1< YR, 0f
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To prove the lower bound of Kolmogorovs inequality let fy = I g Then f, Sy and X4 are independent
fork=0,1,... n-1.

Now [t>k] = [t<k]°€ B, (X; ... X) since
[t<k]€ B, (X;...Xy. Therefore

E (f Sk Xk1) = E (fk Sw)

EXk1) =0

Now
=E ((S)E(f-1a V (SDx + (o))
=E ((S)&(fi-1)s V (SD& + (%)
=E ((Sp-1)a (e V (S5 + (D

* Ko (B V XD+ (Do )

=E (Sp-)a(f Do V 5.5 + (feDa )

+ E(XDx() V XDE + Gt )

=E (S5 V(S DEE D)
+ E(XE VvV XD%

E (D V (D )

=E(Si-)5(fic)e V ($D% + (D)

+ E((X)% E (D)o VE (KDZEE D )

=E ((S,_1a( Do V ($,1DE + (D )
+ E((X)E VX&) P (t>k1) (5.3)
Again
E (S D V (SDE + (D)
+ E((S)x(f)e V (SE)&) ()

+ E(SET =g VST o (5.4)
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From (5.3) and (5.4)
E((S, DD« V (SiE + (BDac )

+ E(XD& VX&) P (t>k1)

E((S)%(f)« V (SE)&) (e x)

E((SO2() V (SH)E) ()
FE(SOED oy VST [y
Since | (X))o V Xi )« |<C forallK
and | (X )ee —E (%) V (X e —E (X ) [£2C
E ((S, D& V (SeDE + (Fimiec )
+E(XD& Ptz VX)) P(tzk)
< E (S04 e V SDEAE )

+ (E420)2P(t>k) (5.5)

Summing over (6) for k=1 to n and after cancellation we get

o E(X)? VXD?)P(tzk)
< E (&)« V (S7)&) (o)
+ (E+420)?P (t<n)
Now S2f2< €% By definition of t
and P(t>n) <P(t>k) ifk>nimply

Yiar E((Xp)i P(t=k)  VE(X{)2 P(t=>n)

<€ E((f)« V(D)
+ (€ +2C)? P (t<n)

Or

Yia E(XDE V(XO3E P(t>n)
<€2P(t>n)+ (€ +2C)% P (t<n)

< (€ +420)%P (t<n) + (E+20)?P (t>n)
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= (€ +20)*

Hence

1-P(t=<m< (€+20°/ Xk E(Xe V (X

_ (e+20)2
Xi=1 ‘71%

implies P (t<n)> 1- (€ +20)2/3} of

LEMMA 5.1 : (KRONECKER’S LEMMA)

For sequences {a,} and {b,} of fuzzy real numbers and .

and b, bi

Yro1 bka— 0 asn - o

Proof : Since . anconverges S,=Y1 a> S (say)

S [0 @)V (0 ) (@D

RN (DM (CT Y A

= 0D« (D« - )]

= (B ()« VO (S

= (2 0« (e VO (S

an converges

21 (b)u S V(BD)e (S )

Zrll_l (bk+1)o< (Sl_()cx V(b?c-+1)o< (Sl-:)o( )

()« (S V(b7 ) (S7)x

|-

- Z?_l((b;)cx - (b;+1)o< (S];)oc )

VA((b)e = (bi1)e) (S

VA((b)e = (bif41)e) (S

S VD21 (0 = (js)w ) (S )
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- S-5=0

Since = %Z’f‘l((b;)x- (i) (S — (5 )

V(0 = (br1)e) (S — (S D)

(57 )«
(b))«

Z?_l((b}:)oc_ (b;+1)oc \%

CADP n-1 +
5. PN (0~ (041

D B (RSN B [Cr

n—1

(b+)°< Z

Now
5 ) e _ B}
ST B Gl
o -
VELTIT () - (e
(S« - -
() B )
(dndw
S )«
vE (o) - b
> (e V(D)
as b,T o
and

= B (B - G (SE) - (S

n’/«

2 (0D« - ) ~ (M)

(b*)
—>0asn- o

Since

1
—

n’/«

21 (B - B (S5) - S

= () 150

Www.ijesi.org

55 | Page



Fuzzy random variables and Kolomogrov's...

1

1%
(G

2 (0D« = 0 (e~ (e ) |

1

== 1280 | (B)x = Gig)e) (S1) - S

n’/«

VIgr | E% 10D = Gf)) (D (S )|
=1 25k (B« - G ((Si) - S0a
Vigr— | Zioh (0D« = b))~ )|
for n>n,
<€ + ®rosn)ec (0p)e

(b«

v+ OrosDe- O«
e

ifn>ng
LEMMA 5.2 : (Loeve)

Let X be a fuzzy random variables and

at)  =P{l X VXI|>t} = 1-FO=FQ@

For everyy >0, x > 0 we have
XY qmx) < E(1 X" V| X I

< X" +VX Y2, q@n/x)

Proof :
E(X|” VX3
=J +dP (IXx] V|X('<t)
= - J; +tda(®

nl/Tx

- E ooy vy tda@®, x>0

1

Now — [™* 4 t" dg (t)

n-1Drx

<nx'[q(n-— 1)%x -q (n%x)]
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and

1
! t" dq (t)

(n—-1Drx

< (DX [q(n— Drx - q )]

If E(JX.|" v |X$| )=oc0 the proofis obvious.
andif E(| X, |" v | XS |")<co then

1
X'Ng (N¥x) >0 as N - oo

In fact,
o> E(X | v IXL])

1
E(X " v X)) V(X | v IXE| > xN7]

vV

1
NXP[IX I Vv | X [™>Nnx]

1
NX'q [ N7 x ]

If E(X.|" v |XS&|") <o by absolute continuity.

1
of integral NX' g [Nrx] - 0 as N> o

on the other hand.
E( X" vV [X£|") <0

> ¥, (DX [q@—1)rx —q@)x ]

N X [qmrx]- (VDX g )x

Since

1
Ng (nrx) — 0 the right hand side of the last inequality tends to

1
Zim1 X q(nrx)

Now if ¥ q(nF x)<oo

1
then ng(nrx)—0 and
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E(Xe " v IXZ1)
1 1
S lirnN—)oo Zg=1 nXV [q (n - 1) ;x - q (Tl; X) ]

limye X (143} q@rx) —Ng @ x))

IA

X (1+32  q(nrx)

IA

which completes the proof.

THEOREM 5.4: (KOLMOGOROVS STRONG LAW OF LARGE NUMBERS for independent identicals
distributed r.v.s.)

Let {x,} be a sequence of indendent identically distributed fuzzy random variables then

Sn

n

- (< o0 as.

ifandonly if E (| (X)x V |(X)x ) <o

and then C =E (Xy)

Proof
Fortheonlyifpartlet A,= (| X - |v|X I )=n
then ¥ X E(| (XD« V [ (KX)o + P XT  (4n) (5.7)
Now P(An) =P(|X _ |v|X } >n)
=P((X) . VI&DL =n)
TR P
n
. + . +
then Xn)o Vi Fnde  _ Gna Vi Sn)o
n n n n
m=1)  (Sn—1)e Snt)
n n—1 n—1
- C-C=0 a.s.
- +
Hence P(|% | V |M >li.0.)
n n 2

ByBorel 0-1Law Y7y P (I1(Xy) . VI )a 23

e T PU(D) o v DE) =) <o
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Now

s0>%, PLX) ., v )I) =7

>Xn P (A)

= Xn P (A) <o

Sofrom(1)E(] (X;) , V(X )& ) ) <o

Conversely let
E(X) . v )x) <o
and  C=E((X) . v )¥)
Define  (X))x V (Xi)x
= (X VOO I [1Xe] <Kk]k=123,...

and  (Sp ) V(S )k

*

= ((NDy v X + (Xz_)c,< v (Xg):

*

to (X)) v G

Then Xy k=1,2,.... n areindependent

and |(X0) L V(X D ISk

e PIX) o v )E =X)L VX DI

X7 P& o v i 1>K)

A

< X7 P(A) <o

@PLX) . VX dx # @) VX, )Y o
Hence S:" and S:" trends to the same limit a.s. if they converge at all in.

(Sn)ac v (Spdae = Spdae v (Spdae
n

0 a.s.

as n — o
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So it is enough to prove that Sn—’:—>E((X1) ~ V(X )X) <o

Now X, are independent but may be necessarily be identically distributed, we shall show that

of () T v, DE

Yn=1 " 00

and that will imply 57" -E (57") converges to zero almost surely.

E((X)e v (XD)

E(X)E v (%)) 1T H&EDZ v (X)) <n]

E((XDx v (%,)0) 1 [IXDx v (X, )2)<n]

- E((X)x v (%).) GS.

Therefore

Sp ) V (Sn )3*; - +
E(E2=Cs 5 B (J0)5 v (X))

o Kn ) X )&
¥y o’ = V=)

o X)) V(X2
e E(( ) (n))

n2

IN

oo 1 -
Dl (D wR e MDY
0y v (¥ ) =]

(X )l V (X, )E2) dP

1
&7

1
ToSXka S

k—1< |(Xn)y v (Xn ):]Sk

5 Y (X)) V (X )E) dp

k—1< XDy v (X; );]sk

AT | (X)) V(X)) dP

k-1 Gy v (X ):]sk

2% KPk=1< (e v (%), ] <k

IN
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237, kP[k-D< |(X)e v (X ) <k]

2 %7, (DP[k—1<((XDz v (%)) <k]+2

IN

237 f i N (X)) V(X1)D) +2
k-1< (15 v (Xp ) 1<k

2(E(1XDx v (X )0( +1
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