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Abstract: In this paper, we consider the oscillatory behavior of the functional difference inequality of
the form

k
(= *a" x(mysgm () = p(m]T [x(o; (] (E,)
i=1
m>2, z IS @ natural number, ne N(ng)={ny.ny +1,--3 @nd o, epP , =0 «) With o, +- +a, =1. The
sequence p(n) is not identically zero and the sequence ¢, :p . —» p, are such that jim g,(n)=«. The

n— oo

+

propose of this paper is to study oscillations of solutions of inequality (e,) generated by general
deviating arguments g, (not necessarily delay or advanced arguments). Some specific comparison to
known results will be made in the text of the paper.
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l. Introduction

In this paper, we are considered with the oscillatory behavior of the functional difference inequality of the form
k

=07 a"x(mysgn (n) = p(M] |xtoi ][ (E,)

i=1
where z is a natural number, m>2 and A is the forward difference operator defined by ax(n) = x(n +1) - x(n)
and a'x(n) = a(ax(n), i=12 .
We assume the following conditions on the inequality (g ,)
1. a;eP,=[0 =) With o, +a, +- +a, =1.
2. The real sequence p(n) is not identically zero in every neighborhood of infinity.
3. The sequence of integers g, :p, -» P, (i =12 - k) aresuchthat jim g;(n)==.

n— o

+

Forall rep = (= ,%) and s anonnegative integer, the factorial expression is defined as
s—-1
O =TT - with =1
i=0
By a solution of inequality (E,) we mean a real sequence {x(n)» Which is defined for all n< n(n,) and
satisfies the inequality (e,) for all sufficiently large ne N (n,) . Our attention is restricted to those solutions
which are nontrivial in the seme that sup{ x(n)|:n>nN}>0 for any n >n,. Such a solution is said to be

oscillatory, if it is neither eventually positive nor eventually negative and non-oscillatory otherwise.
The aim of this paper is to study oscillatory of all solutions of (e,) generated by general deviating arguments

(not necessity delay or advanced arguments). The main results of this paper are new and are independent of the
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analogous ones known for delay and advanced difference equations. Some specific comparisons to known
results will be made in the text of the paper.

The problem of oscillation and non-oscillation of solutions of difference equations / inequalities has received a
considerable attention during the last few years. Among numerous papers dealing with the subject, we refer in
particular [2, 3, 5-13, 15-23] and references citied therein. However, it seems that very little work has been done
on the oscillating behavior of difference inequalities.

The following notations will be used throughout this paper.

D={neP  :g;(n)<n,i=12 - Kk}

A={neP  :g;(n)=n,i=12 - Kk}
Let g .d,,a,:Pp, > P, (i=12 - ,k) benondecreasing sequences such that

g:(n)gmin{n,gi(n)} and d;(n)<n<a;(n) for neP

g;(n)<d;(n) for neD

+

and a;(n)<g;(n) for neA.

Let D;(n) = D A [d;(n),n] @nd A;(n)= An[n,a;(n)] for nep .

To obtain our main results we need the following two lemmas.

Lemma 1.1 [1] Let x(n) be a sequence of real numbers. Let {x(n)y and A" x(n) be of constant sign with
A"x(n) not identically zero. Then there exists an integer I e {0,1,2, ---,m} and n, > 0 such that
m+1+zevenandforn>n,

x(malx(n)y>o0 =012 -, 1-1

and (-1 "tx(maix(n)y >0, j=012 --,m-1 (,).

Lemma 1.2 [14] Let x(n) be a non-oscillatory solutions of (E) satisfying the inequality (N) with
le{1,2, ---,m -1} and m + | + z even. In addition, let

> ™ = . 1

The following inequalities hold for sufficiently large n > n, where n, > n

Amx(n)

0

PO REREPNSIO @)

1

n-m+1)

‘Alflx(n) > (
(m -1y

and
(n-m+nD

Ix(s) |2 —————— A" x(n) |. (3)
(1 -1y

Il.  Main Results
We begin this section with the following theorem.

Theorem 2.1 Consider the difference inequality (E,) subject to the condition

k n-1 k N (M- e
limsup H[Z p(s)H [gi(s)—m+l] !
= o g*j(s) i=1

k

0 k
“T1 [g,*(n)— m + |]H‘Z JON8| [g,*(s)— m o+ |]("172)a‘]a" > (m - 4)
n i=1

i=1

Then [(i)]
1. for m even, every solution of (g,) is oscillatory.

2. for m odd, every solution of (g,) is either oscillatory, or |im a’x(n), (j =012 --,m-1 monotonically

n— o«

3. for m odd, every solution of (e,) is either oscillatory or |im |a'x(n)|=» , (j=012 -, m-1)

monotonically
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4. for m even, every solution of (E) is either oscillatory, or fim A’x(n) =0 or |im |A’x(n)|= ©

(j=012, ---,m —1) monotonically.

Proof. Suppose that the inequality (E,) has a non-oscillatory solution x(n) = 0 for n > n . Therefore for

sufficiently large n > n, by Lemma 1.1, there exists an integer | € {0,1,2, ---,m} with m + | + z even, such
that x(n) satisfies the inequalities (1) .
Case I: In this case m is even, then we have z =1 and odd I € {1,3, ---,(m - 1)} . We observe that (4) and
(1) @<1<m-1) imply that the condition (1) of Lemma 1.2 is satisfied. Therefore (2) and (1,) yield
o k
-1 Lcn-m+D (m-1-1) a;
[A°"x(n) |2 —(mil)! Z(S) p(S)lj1 [ x(g;i(s) |
(n -m+1)

Z( SR p(s)H | x(a7 (s [
which ylelds, by (3)

Al cn-m+ |) (m-1-1) B U LTINS “
| A7 x(n) 2 o Z() p(s)H[g (s)-m+ 1" a7 x(g; (s) |
From the above inequality for j e {1,2, ---,1} and n > n, we get
a7 xgjmy o a e
- e 3 oY p(s)]‘[[g - m e A ] () 1
95 gj(m
w k (-1
mol- * a, * a.
3O e Lo () -m 117 A (g () [ )

1 x
since | A'*x(n) | x — is non-increasing for 1<1<m -1 and n > n, by (3) we obtain for s [9,(n).n]
n

and ie{1,2, ---,k}

_ * g:(s) _ *
A" x(g; (s) |2 ——=1A""x(g; (s) | (6)
g; (n)

Therefore from (5) and (6), in view of the increasing character of | A"'x(n) | we derive for n > n,

At * N * 1% -1
(m - I)!l ng](n)) | S | | A X*(g| (n) | | Z (S)(m—lfl) n(s)
9;(n) Sl oim o
| © k i
* a. _ * a. mol— * e,
[Tter-m+ e a3 " po[Jlei () -m+1 ™
. n i=1
for 1 e{1,2, ---,(m —1)} , the following inequalities hold for s > n_,
(mll) (m-1) (5)—'“+|1
H[g (S)fm+|] G2 (s) HI j
_l(m—l)ai
- (0" 1)1_[' 9, (s)fm+l|
]
=1_‘[[gix(s)—m+—I](m71mi (8)
i=1
and
‘ (-1 ‘ (m-2)
m—1— * -Da. * m-2)a.
O T lei o -m1 T =T lei 0 -mep ©)

i=1

Using now (8) and (9) in (7), we get
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A" gy 1K ‘HA"lx(gf(n)) ﬂ‘ i

(m — 1) - > n
i HL g;(m |

g(n-1 i=1

( 1
n ) * m-1) a. ) * a. ” ) * (m—Z)a,L

JZp(S)H[gi(S)—mH]( '+H[gi(n)—m+ll'ZP(S)H[gi(S)me] s

[g’;(n) i=1 i=1 n i=1 J

Raising both sides of the above inequality to « ; and then multiplying the resulting inequalities, we have

a.
i

“ ‘FIA X(9*,-(n))l1 |\A 'x(g; (n))ﬂ‘

mfl)'HL o (n) J Hl{ gj(m-1 |

n-1 k
. (m—2)1zi]5‘j

H[Z p(s)]‘[[g & -men" T m =m0 Y e[ Lo () - m 11
i=1 n

j=1 gj(n) i=1 i=1

which contradicts (4).
Case Il: Then x(n) satisfies the inequalities (1,) of I € {0,2,4,
—1} is impossible. Therefore x(n) satisfies (1)

m -1} . By arguments similar to those

in the proof of Case (I), we prove the case | € {2,4, ---, m

for 1 = 0, thatiis,
(-1 'x(n)A’x(n) >0 j=012 --,m
We shall prove that |j;m x(n) = 0. Suppose to the contrary that |i;m x(n) = C > 0. Then|x(g,(n)) |2 C

n— o

-1, nx>n. (10)

1

n— o

(i=12 - ,k) for n>n, > n, . From (10), it follows that

S @™ A" x(n) I<

"2

which implies, by (E,)

k

EED MO MR PUTONES SORREION § EECHOIR

nz nz i=1

zcy m ™D ().

"2

But this gives a contradiction, since (4) implies that

o k

> ] tor o™ = (11)
i=1

M2

Case Il and Case 1V: Then x(n) satisfies (1,) for I € {0,2,4,
m is even. Then, by arguments analogous to those in the proof of II,

,m}. The case | = 0 holds only when

we have |im A'x(n)=0

n— o«

{j=01, ---,m -1} . Similarly as in the proof of Case I, we prove that the case | € {2,4, ,(m =2} is
impossible. In the case | = m , we have
x(MA™x(n)>0 and x(n)Alx(n)>0 (j=012 --,(m-1)

(12)

for n = n,. We shall prove that |im A'x(n)|= », (j=01, ---,(m —1)) . From (12) it follows that there

n— o

exists a point n, > n, and a positive constant y such that

Ix(g;(n) = 7(g; () "V, for n=ng, (=12 k), (13)
Summing now (E,) from n, to n-1 by (13) we obtain
n-1
| A" x(n) 21 A" x(n3)|+z p(s)]‘[ I x(g;(s) [
38 | Page
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n-1

> yz p(s)]‘[ (g,(s)-m )"
n-1 ( )
m-1) a.
>7z P(S)H (g; (s)—m +1) !
From the above inequality and (11), we get jim [a'x(n)|=», (j = 0,1,2, ---,(m —1)) . Thus the proof is
complete. u
Corollary 2.1 Consider the difference equation with general deviating argument
A™x(n)+ p(n)x(g(n)) =0, m =2 (14)
where p(n) is the same as in (g,), g:P, » P, IS a sequence of integers such that |, g(n)= . Let the
sequence g “(n) < min {n,g(n)} be nondecreasingon p , . If
[ n-1 o ]
limsup J z (g*(s) -m+ I)(mfl) p(s) + g*(n -m + I)Z (g*(s) -m+ I)(mfz) p(s)L > (n -1 (15)

o o Lﬂn) - J
then every solution of (14) is oscillatory, if m is even and every solution of (14) is either oscillatory or
lim Alx(n)=0 (j=012 --,(m-1) monotonicallyif n isodd.

Remark 2.1 From corollary, in the case of ordinary linear difference equations (g (n) < n) . We obtain the
results of [4]. In the case advanced difference equations (g (n) > n) Corollary gives the result of [14].

Theorem 2.2 If

a

[ 1
k k
s (- m s DT Y G-y P @ m-a 0 b > oo (16)
n—-® j=1 Ldj(n) i=1
for some « {0,1, ---,(m —1)} then every bounded solution of (E ) is oscillatory.

Proof. Assume that (E ) has a bounded non-oscillatory solution x(n) = 0 for n > n . Then for sufficiently
large n > n, > n_ ,wehaveby (E )
)" x(MA™x() >0 and (=1 Ix(malx(n)>0, (j=041 -, (m-1) an

From (17), as in [14] we obtain u > n > n,

_ n-m+I m—
1A' x(n) |2 ((—)Z( W)™ A k) | (18)
and
Ix(sy |p SR D amety gy (19)
(m -1
From (19) we have for s € D ;(n) (j =12, --- k) and n > n,

@;m-gi s
Ix(g;(s) |2 — LA™ x(d () |, T =12 k. (20)
(m -1)

Therefore from (17), (E ) and (20) we getfor n > n, and 1 € (0,1, ---,(m -1)) , je (1,2, -+~ ,k)

8" (ny p E 2 (s—d ) ™Y AT x(s) |
(m = 1)
djm
(n -m+1) (m-1-1) a;
pE— DE(: )(s—d § (M) p(s)H I x(g;(s) |
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k

k
1-1 a; (n-m+1) (m-1-1) B (-1 e,
=] 14 x| [ET— > (s-djn) p(s) H[dj(m 9; () :
i=1 D) i=1
Raising both sides of the above inequality ot « ; and then multiplying, we obtain
k k ( I)
[ j 1-1 a; n-m+
H [A" "x(dj(n) | ZH [A° “x(dj(n)) | —(m T
j=1 i=1
k k
m-I- -, @;
DGR ARREIO! I NGRS
j=1 Dj(n) i=1
which contradicts (16). Thus the proof is complete. u
Corollary 2.2 Suppose that in the equation (g, ), g;(n)<n (i =1,2, ---,k) on p, . Then every bounded
solution of (E ) is oscillatory, if
k |—n71 -lal
timsup (n = m + D] I S G- d,(ny "D p(s)l > (m -1 (21)
inds i=1 Ldi(n)

Remark 2.2 A condition similar to that in Corollary 2.2 for delay difference equation can be found in [4]. From
the result it follows that every bounded solution of (g ) is oscillatory if

n r n-k-1 1
Iir:iup {z (s—n+k+m—1)(m71)p(s) +I(n—k+m)+(mil)! Z (s—k)(m)p(s)l
s=n-k L nl
<3 (s-n+k+m=2""2p)y > (m-1. (22)

s=n+1

We note that the condition (21) of Corollary 2.2 is better than (22).
Theorem 2.3 Let m > 3 be odd. Consider the difference inequality (E,) subject to the conditions (4) and

(16). Then every solution of (E,) is oscillatory.

Proof. The above theorem follows from Theorems 2.1 and 2.2. =
Theorem 2.4 Let m > 3 be odd. Consider the difference inequality (E,) subject to the conditions
k n-1 k
timswp (0= m+ D[TLS s ] o) (s)—m+1 " 2%
" =1 g% () i=1
k o k
* a. * m-3)a.
ST term-m e o -m e (23)
i=1 n i=1
and
k k (-
m—l— * 1Dea. a .
timsep TTCY (aj(s) " P T ler ) =amn " “pesn > (m -1 -y (24)
i A i=1
forsome 1 € {0,1, ---,(m —1)} . Then every solution of (E,) is oscillatory.

Proof. Suppose that the inequality (E,) has a non-oscillatory solution x(n) = 0 for n > n . Then Lemma 1.1
implies that either

x(MA™x(n) 20, x(malx(n)>0, (j=01 - ,m-1) (25)
or there existsanodd | € {1,3, ---, m — 2} such that
x(MA’x(n)>0, j=01 - ,1-1
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0 xmalx(ny >0 jEreL e m -1 (26)
for n > n > n, . Let(25) hold. Thenfor u >n=>n, and I € {0,1, ---,(m - 1)}

18" x() |2 ﬁz ()™ A" x(9) | (27)
and

=)
xS Ay ) (28)
(1 -1
Then from (28) for s € A (n) (j =12, ---,k) and n > n , we obtain
a0

I x(g;(s) I2 %| A @ () 1 (= 1.2 k). (29)
Then from (27), (E,) and (29), we derive for j e {1,2, -k},
le{12, -, (m-1} and n>n,

aj(n)—l
1" x(a (M) |z% 3 @) " AT x(s) |

n

- | (m—
> (”(m'fr)') RGO N p(s)H 1 x(g,(s) |

Ajm)
(n—-m+1)

(! (m—l)uH 1A’ X(a (ny | Z (a; (s) ™Y p(s)

i

k

“T] lo:(s)—a; (m]" i

i=1

Raising both sides of the above inequality ot « ; and then multiplying the resulting inequalities, we get

(n-m+1)

k
[ j a;
H [A" “x(a;(n)) | >—(|_1)|(m_I)IH |A ><(E>1 (n) |

{ : |
BIRCHC MREI0] § FERC G R
j=1[A.(s) i=1 J
which contradicts (24). Thus, the case (25) is impossible.

Suppose now that (26) holds. Then in view of (23) and (26), the assumptions of Lemma 1.2 are satisfied.
Therefore, by arguments similar to those in the proof of Theorem 2.1 we obtain the inequality (7). Since

le{13, - ,(m-2)},wegetfors>n,

_ T
y(m=1- 1)H[g (s)—m+|] a; = ()" 1)1—[‘ g J(s)-m+1
J
_‘(m—Z)zxi
>(S)m 1)1—[‘9 (5)*m+|
J
* (m-2)a.
:sH [gi(s)—m+l] ! (30)
i=1
and
k I1(| Ve,
(s)(mflfl)H[g:(s)—m+|](H)“ )(m Z)HI 9; (S)fmJr |
J

i=1
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pim-9e
>(S)(m Z)ng(S)—m+|
J
* (m-3)a.
T biorwol o
Using (30) and (31) in (7), we obtain
-1,
[A""x(g(n) | [ 1%
(n—m+|)(m71)!# Hl‘A X(Q (n))l|
gj(n) (n) J
| ]
n-1 k K Y .
; oA - “j * m-3)a.
J PIEIC! ) EEHORLED RS § OB EDEDIIO! ) [EHORLE M .L,
[g?(n) i=1 i=1 n i1 }

Proceeding as in the corresponding part of the proof of Theorem 2.1, we get a contradiction with the
assumption (23). Thus the inequalities (23) cannot hold. This completes the proof. =

Theorem 2.5 Let m be even. Consider the difference inequality (E,) subject to the conditions (16) and (24).

In addition, let for m=>4
n-1

limsup (n—m+I)H[Z sp(s)H[g (s)—m+|]

n—ow
j=1 gi(n) i=1

2)0(i

"M S om - 2, (32)

k o k

* a. * (

[T leim-m+=111% ()] Lo (s)-m+1]
i=1 n i=1

Then every solution of (E,) is oscillatory.

Proof. Let x(n) be a non-oscillatory solution of (E,) for n > n . Thus by Lemma 1.1, x(n) satisfies the

inequalities (1,) with 1{0,2, ---,(m-2), m} . The case | =0 and | = m are impossible, by the
assumptions (16), (24) and Theorem 2.2 and Theorem 2.4 respectively.
Suppose now that | € {2, ---, (m — 2)} which is possible only if n > 4 . Therefore by arguments similar to

those in the corresponding part of the proof of Theorems 2.1 and 2.4, we obtain the inequalities (7), (30) and
(31). Combining (30) and (31) with (7) and using the factthat 2 <1 < m - 2, we have

A" x@imy lﬁA”x(g:(n)) ﬂlai
>

2(m =2 (n-m + 1)

g;(n) L oam
n-1 k k © k
* m-2)a. _ * a. * m-3)a.
EI0) B ECHORLEU MRS § RIS RO TR IEIO) § RORE R M
i=1 i=1 n i=1

o(m
From this inequality, similarly as in the proof of Theorem 2.4, we obtain a contradiction with the assumption
(32). Thus I ¢ (2,4, ---,(m — 2)) and the proof is complete. =

I11.  Final Remarks
The For simplicity, we consider the linear difference equation with a deviating argument

A"x(n) = p(n)x(g(n) (L
where m iseven, p(n) isa positive real sequence and g is nondecreasing and jim g(n) = o .

Let g.(n) = min (n, g(n)) g*(n) =max (n,g(n)) D={xeP  :g(n)<n} and A={neP  :g(n)>n}.
It is known that in the case of ordinary difference equation, that is g (n) = n, the equation (L) always has non-

oscillatory solutions satisfying the inequalities (1,) and (I ) . The situation is different when g (n) = n . For
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example, in view of Theorem 2.1 and Theorem 2.2 every solution of (L) is either oscillatory or

lim |A'x(n)|= © (1=0,1, - ,(m—1)) monotonically if the following conditions hold
n-1
limsup (n —m + I){ Z [g(s)—m + I](mfl) p(s) +[g«(n)—-m +1]
n— o g*(n)—m+l
3 1. (s)=m+ 11" p(s) > (m -1 (33)

n

and for some (<o, -, (m-2) ,

(m-1-1)

limsup (n-m o+ > [s-gu(n)] [gx(n) - g0 "™ p(s)> (1 -1 (m -1 (34)

n— o
Dﬂ[g*(n),nl

On the basis of Theorems 2.1 and 2.4, we can prove that every solution x(n) of (L) is either oscillatory or

lim A'x(n)=0 (j=0,1, - ,(m —1)) monotonically if (33) holds and

(m-1-1)

limsup (n-m+1) Y [g7(n) -] fo(s) - g (1" ps)> (-1 (m -1 (35)

n—w .
Aﬂ[n,g (M

From Theorem 2.5, if follows that every solution of (L) is oscillatory fi (34) and (35) hold. In addition, when
m > 4 the following inequality is satisfied

n-1 o
limsup (n—m+1) z s[ga(s) = m +11™ 2 p(s) + [gu(n) = m + 1] > stga(s) - m+ 112 p(s) > 2(m - 2.
n— w g*(n) n
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