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I.  Introduction

Fixed point theory is one of the most dynamic research subjects in non-linear analysis. The theory itself
is a beautiful mixture of analysis, topology and geometry. Over the last years or so the theory of fixed points has
been revealed as a very powerful and important tool in the study of non-linear phenomena. In this area, the first
important and significant result was proved by Banach [27] in 1922 for a contraction mapping in a complete
metric space. The well known Banach contraction theorems may be stated as follows:

“Every contraction mapping of a complete metric space in X into itself has a unique fixed point.”

Since then, this principle has been extended and generalized in several ways either by using the
contractive condition or by imposing some additional conditions on an ambient space. This principle is one of
the cornerstones in the development of fixed point theory. From inspiration of this work, several mathematicians
heavily studied this field.

Recently, the real number’s as the co-domain of a metric, by an ordered Banach space obtain a
generalized metric space, called a cone metric space, was introduced by Huang and Zhang [4]. The described
the convergence in cone metric space, introduced their completeness, and proved some fixed point theorem for
contractive mapping on cone metric space. The initial work of Huang and Zhang[4] inspired many authors to
prove fixed point theorems as well as common fixed point theorems for two or more mappings on cone metric
space see for instance[13,14]. After wards, many authors have generalized the results of [4] and studied the
existence of common fixed point of a pair of self mapping in the frame work of normal cone metric space, see
for instance [1],[2], [3], [5], [6] [7] [8], [9] to [16]. Recently, Morals and Rojas [17], [18] have extended the
concept T-contraction mappings to cone metric space by proving fixed point theorems for T- Kannan —
Zamfirescu. T-weak contraction mappings. S. Moradi in [19] introduced the T- Kannan contractive mapping
which extends the well known Kannan fixed point theorem given in [20, 21, and 22]. The results [3] and [19]
very recently generalized by [23], [24] and [26].

Many authors have established and extended different type s of contractive mappings in cone metric
spaces see for instances [1], [4], [28], [29], [30], [31], [32], [33], [34]. [35], [36],[38] and the author [37] have
also proved fixed point in cone metric space for generalized contractive mappings. In sequel, S.K.Tiwari and
R.P. Dubey [1] obtain unique fixed point results in cone metric spaces which are generalized results are [4],
[37]. In this paper is to extend and improve common fixed point theorem for this mappings in cone metric
spaces with non normal cone conditions. Our results extend and generalized the respective theorem 2.1 of [1].

I1. Preliminary Notes
First, we recall some standard notations and definitions in cone metric spaces with some of their properties [4].
Definition: 2.1 [4] Let E be a real Banach space and P be a subset of E. P is called a cone if and only if :
(i) Pisclosed, non-empty and P # {0},
(ii) ax + by € Pfor all x,y € P and non-negative real number a, b;
(iiiy) xePand—x€P = x=0< PN(—P) = {0}
Given a cone P c E, we define a partial ordering < on E with respect to P byx < y if and only if y-xe P . We
shall write x < y if y — x € intP, int P denotes the interior of P. The cone P is called normal if there is a
number K > 0 such that for all x,y € E,
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0<x<yimplies IxlI<kllyl.
The least positive number k satisfying the above is called the normal constant of P.

Definition: 2.2[4] Let x be a non-empty set. Suppose the mapping d: X x X — E satisfies

(i) 0<d(x,y)forallx,y€eXand (x,y) =0iffx=1y

@iy dQ,y)=d,x)forallx,y €X

(i) d(x,y) <d(x,z) +d(z,y)forallx,y,z€e X

Then d is called a cone metric on X, and (X,d) is called a cone metric space [27]. The concept of cone metric
space is more general than that of a metric space.

Example 2.3[4] Let E = R%,P = {(x,y) € E:x,y =0}, X =R and d: X X X — E defined by d(x,y) = (|x —
y | ,a | xX—y | )where o > 0 is a constant. Then (X, d) is a cone metric space.

Definition: 2.4 [4] Let(X, d) be a cone metric space, Xx€ X and {x,},>,a sequence in X. then,

(i) {xn}ns1 Converges to x whenever for everyc € E with 0 «< ¢, there is a natural number N such
thatd (x,,, x) « c for all n>N. We denote this by lim,_,.Xx, = x or x, = x,(n = ©)

(if) {x,}ns1is said to be a Cauchy sequence if for every ¢ € E with 0 << ¢, there is a natural number N such that
d(xy, xy) <L c foralln.m = N.

(iii)  (X,d) is called a complete cone metric space if every Cauchy sequence in X is convergent

Lemma: 2.5 [30] Let E be a topological vector space. If ¢, € E and ¢, — 0, then for each c € int(P) there
exist N such thatc,, < c foralln > N

1. Main Results.
In this section we shall prove unique common fixed point results for contractive mappings in complete cone
metric spaces by using non- normal cone.

Theorem3.1: Let (X,d) be a complete cone metric space and suppose the mapping Ty, T,: X — X satisfy the
contractive condition,

d(Tyx, T2y) < a;d(x,y) + a,d(Tyx,x) + azd(T2y,y) + a,d(Tyx,y) + asd(T2y, x)
for all x,y € X,where qa;,i = 1,2,3,4,5 are all non negative constants such thata, + a, + a; + a, + as <
1.Then Ty and T, have a unique common fixed point in X and for any x € X, iterative sequence {T?"*x,}and
{T#"*2x,} converge to the common fixed point. Moreover, any fixed point of Tjis the fixed point of T,, and
conversely.

Proof: Foreachx, € X andn > 1, set x;= T, xoand

Xons1 = Tixyn, = T2 1x, ,foralln € N.,n =012 ..............
Similarly,
Xonsz = ToXpy = TF2xy, foralln e Nen=0,1,2 .ccc.........
Let, x = x,, and y = x,,_4 in (3.1)
Then we have
d(X2n41, X2n) = A(Ty1Xon, T2 Xon—1)
< a1d(Xp Xon-1) + @, d(T1Xon, X20) + a3d(ToX2p—1, Xop—1) + a4d(T1 X0, X2n—1)
+asd(ToXon-1, X2n)
< a1d(Xp Xon—1) + a2d(Xon11, Xon) + azd(Xon, X2n—1)
+a,d(Xon41, X2n—1) + asd(Xzp, X2n)
< a1 d(Xop Xon-1) + A2d(Xoni1, Xon) + a3d(Xon, Xon—1) +aad(X2n41, X2n-1)
< a1d(Xop, Xon—1) + @2d(Xapi1, Xon) + a3d(Xon, Xop—1) +a4[d(X2n, Xon—1) + d(Xon, Xon41)]
< (a; + ap)d(Xon1, Xon) + (a1 + a3z + ay) d(Xon, Xon-1)
(1 —ay — ay)d(Xon41, X2n) < (ag + az + ay) d(x2p, X2n—1)

So,
d(Xzn41, X2n) < L d(Xzn, Xan-1)-
1-az—ay
= hd (X, X3n_1) , Where, b = 2723794
1-az—ay
Hence,
d(Xpne1> X2n) < hd(Xpp, Xon—1) < h2d(Xon_1, Xan—2) < R3d(Xan_2 Xon-3) < = cee ee ee vee o < W (21, x)
We now show that {x,,} is a Cauchy sequence in X.
for > m, we have,
d(Xan, X2m) < d(Xan, Xons1) + d(Xonir, Xonsz) + o oo +d(X2m_1, Xo2m)
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S hznd(xl,xo) + h2n+1d(x1, xO) + ST e wee + hzm_ld(xl, xO)
h2m
< Ed(xl,xo) -0
Hence,
lim,,_, 0o d (X, X2m) = 0 by (ii). Applying lemma 2.5, {x,,} is a Cauchy sequence in X

2m

Let 0 << c be given, choose a positive integer N;, such that ';_—hd(xl,xo) < c , for allm = N;.Thus
d(Xypm, X2m) K ¢, for n > m. Therefore {x,,} is a Cauchy sequence in (X, d). Since (X, d) be a complete cone
metric space, there exist x* € X such that x,,, = x*. Now choose a positive integer N, such that d(xZn_Lx*) «
%c,where 1 - (a; + a,), forall n > N,. Hence, we have
d(Tyx*, x*) <d(Tyx", x5,) +d(xpn x")

= d(Tyx", TyXpp_q) +d(x,x")

Sad(x7, X 1)t ad(Tyx", x")+ agd(Ty Xop—1, Xon—1)* @ad(T1X", Xn_1)

+ asd(T Xzn—1,X") + d(xznx")

Sayd(x7, xon-1)+ apd(Tix", x")+ azd( Xop, Xon-1)+ asd(Tyx", X2p-1)

+ asd(xZn,x*) + d(xZn‘x*)

<a1d (X7, Xzn_1) + ad(Tix", x%) + az[d(x*, X3n_1) + d(250,x")]

+ a,[d(x", Xgp—q) + d(Tyx™, x™)] + asd(xZn‘x*)+ d(xZn_x*)

£ % (a1+az+ay) « az+as «
d I X X < - d i
( 14t )— 1-(az+as) (x 'x2n—1) [1 1—(a2+a4)] (x2n,x )

~[—c+ 3—Uc]
g6 6
=c, forall n > N,.
Thus, (T;x*, x*) «< i Jforallm>1, so,ﬁ— d(Tyx*,x*) €P forallm>1
Since, i — 0 (asm — o) and P is closed, —d(Tyx*,x*) € P.But d(Tyx* x*) € P.
Therefore d(T,x*,x*) € P = 0and T,x* = x*. So, x_ is a fixed point of T,
Now we will show that x” is also fixed point ofT,:
d(x*, Tyx*) <d(Tyx*, Tyx™)
<a d(x",x*) +a, d(Tyx*, x*) a3 d(T,x*, x*) +a, d(Tyx*, x*)+ as d(T,x*, x*)
< (az + as) d(Tyx*, x*)
Which, using the definition of partial ordering on E and properties of cone P, gives that d(x*, T,x*) = 0,
and x* = T,x*. Conversely, any fixed point of T;is the fixed point of T,.That means, T;x* = x* = T,x". Thus
x* is common fixed point of T; and T,
To prove uniqueness, let us suppose that, if y~ is another fixed point of and T,
Thend(x*,y*) <d(Tyx", T,y™)
Sad(x’,y*)ta, d(Tix", x")tazd(T2y", y*)+a, d(Tix™, y*)+ as d(Ty", x7)
<(ay + a4 +as)d(x",y")
Hence d(x*, y*) =0 and so, x* = y*. Therefore x* is a uniqgue common fixed point of T; and T, . This completes
the proof.

<

Example 3.1: Let X= {1, 2, 3}.Let d be the cone metric for Xdetermined by
d(12)=1,d(2,3) = 2,d(1,3) = 2.
Let Ty, T,: X — X be the function on (X, d) such that
() =T02)=T03) =1
T,(1) =T,(3) =1, T,(2) = 3.
Let a; =0.a, =0,a;3 =0,a, = %,as = 0. Then the conditions of theorem 3.1 are satisfied. However, no

negative real numbers a4, a,, as;, as can be chosen such that
a; +a,+az;+as<landforx,y€X,

d(Tix, T,y) < a1d(x,y) + a,d(Tyx,x) + a;d(T,y,y) + a,d(T,x,y) + asd(T,y,x). For if there exist such
a, a,,as,as, then
d(T1(3), T,(2)) < a1d(3,2) + a,d(T;(3),3) + azd(T,(2),2) +as d(T,(2),3).So,

; < 4;1 + 5% + 4;'7'5 < ; (a; +a,+as) < ; which is a contradiction.
Theorem 3.2: Let (X,d)be a complete cone metric space and Ty, T,: X — X be a self mappings satisfies the
condition.

d(Tyx, T,y) < a;d(x,y) + a,d(Tyx,x) + azd(Toy,y) + as[d(T,x,y) + d(T,y, x) ]
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for all x,y € X,where a;,i =1,2,3,4,5 are all non negative constants such thata, + a, + a; + a, + a5 <
1.Then T, and T, have a unique common fixed point in X and for any x € X, iterative sequence {T2"*1x,}and
{T#"*2x,} converge to the common fixed point. Moreover, any fixed point of Tjis the fixed point of T,, and
conversely.

Proof: Foreachx, € X andn > 1, set x;= Ty xoand

Xons1 = Tixyy, = T2 1x, ,foralln € N.,n=10,1,2 ..............
Similarly,

Xonsz = ToXoy = T 2x, foralln e NNn=0,1,2.ccc..........
Let, x = x,, and y = x,,_, in (3.2)
Then we have,
d(xzn41,%2n) = d(T1Xan, ToXon-1)

< a1d(Xzn, Xon—1) + @2d(T1 X2p, X20) + a3d(TyX2n—1, Xn—1)

+ a4 [d(Tyxan, X2n—1) + d(ToX2n_1, X25) ]

< a1d(p Xon—1) + a2d (Xapn11, Xon) + azd(Xan, X2n-1)

+ a4 [d(X2n41, X2n—1) + d(xan, X25)]

< a1d(Xop Xon—1) + a2d(Xan11, Xon) + azd(Xan, X2n-1)

+ ayd(Xon41, X2n-1)

< a1d(Xop Xon-1) + @2d(Xapn11, Xon) + azd(Xon, X2p—1)

+ ay[d(X2n, Xon—1) + d(X2n, Xon41)]

< (az + a))d(xang1, X2n) + (a1 + a3 + ay) d(Xzn, Xon-1)
(1 —az — ay)d(xons1, X20) < (ag + az + ay) d(xap, X20-1)

aq+az+a,
d(Xop41) X2n) < %d(xm, Xon-1)

1-a;—a.
This implies d(x2p,41, X21) < hd (X35, X31-1)
= hd(xyy, X3n_1) , Where, b = 8523794 4
1-az—ay
Similarly, we obtain,
d(X2n42, X2ns1) < hd(Xani1, Xon)
Hence,
d(Xan41, X2m) < hd(Xop, Xon_1) < h2d(Xpn_1, Xon—2) < h3d(Xon_2, Xon-3) < = eee v v < A (x4, %)
We now show that {x,,} is a Cauchy sequence in X.
d(Xzn, Xom) < d(op Xons1) + A(Xonst, Xong2) + 0 v +d (Xom-1, X2m)
S hznd(xl,xO) + h2n+1d(x1, xO) + RREETTIT I + hzm_ld(xl, xo)
2m
<" d(x;,%) ~ 0
Hence,
lim,,_,,d (x5, x,m) = 0. By applying lemma 2.5, {x,,} is a Cauchy sequence in X

2m

Let 0 << c be given, choose a positive integer N;, such that ';_—hd(xl,xo) < c , for allm = N;.Thus
d(Xop, Xom) K ¢, for n > m. Therefore {x,,} is a Cauchy sequence in (X, d). Since (X, d) be a complete cone
metric space, there exist x* € X such that x,,, = x*. Now choose a positive integer N, such that d(xZn_l_x*) <
%c,where 1—-(a, +a,), foralln > N,. Hence, we have
d(Tyx*, x*) <d(Tyx*, x35,) +d(x2n‘x*)
=d(Tyx", TyXn-1) +d(x2n‘x*)
<a d(x", Xon-1)+ a,d(T1x", x™)+ azd(T, Xpn—1, X2n-1)
+ a4 [d(Tix", Xonoq + A(Ty Xpn_1,x7)] + d(Xz0,x")
<a;d(x", Xpn-1)+ ad(Tix", x")+ azd( Xzp, X2n-1)
+ ag[d(Tyx", Xpp-1) + d (250, x7)] + d(x20,x")
<ayd(x", xpn-1) + axd(Tix",x") + az[d(x", xpn_1) + d(xzn,x*)]
+ ag[d(x", xon 1) + d(T1x", x7)] +d (x2n,x7)
d(Tyx",x") < %d(x*vxznq) +[1+$] d(x2n_x*)
Sheerd
=c, forall n > N,.

<
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Thus, (Tyx",x*) « —, forallm = 1,50, ——d(Tyx",x*) € P, for all m > 1Since, = — 0 (as m — c0) and P
is closed, —d(Tyx* x*) € P.But d(T;x* x*) € P.Therefore d(T,;x*,x*) € P =0and Tyx* =x*. So, x is a
fixed point of T, Now we will show that x" is also fixed point ofT,:
d(x*, Tox™) <d(Tyx*, Tyx™)

< ad(x*, x")+a, d(Tyx*, x")+as d(Tox™, x™) +a,[ d(Tyx*, x*)+ d(Tox", x™)]

< (az + ay) d(Tox*, x*)
Which, using the definition of partial ordering on E and properties of cone P, gives that d(x*, T,x*) = 0,
and x* = T,x*. Conversely, any fixed point of T;is the fixed point of T,.That means, T;x* = x* = T,x*. Thus
x* is common fixed point of T, and T,
To prove uniqueness, let us suppose that, if y is another fixed point of T; and T,
d(x",y") =d(Tix", T,y")

< ad(x",y7) + ad(Tyx", x™) + azd(Ty", y") + ag[d(Tyx", y7) + d(Toy", x7)]

Hence d(x*, y*) =0 and so, x* = y*. Therefore x* is a uniqgue common fixed point of T; and T, . This completes
the proof.

Theorem 3.3: Let (X,d)be a complete cone metric space and T;,T,: X — X be a self mappings satisfies the
condition.

d(Tyx, T2y) < a;d(x,y) + ax[d(Tyx, %) + d(TLy, y)] + as[d(Tix,y) + d(T2y, x)]
for all x,y € X,where a;,i = 1,2,3 are all non negative constants such that a, + 2a, + 2a; < 1.Then T;and T,
have a unique common fixed point in X and for any x € X, iterative sequence {TZ"*'x,}and
{T#™*2x,} converge to the common fixed point. Moreover, any fixed point of Tjis the fixed point of T,, and
conversely.

Proof: Foreachx, € Xandn = 1, set x,= T;xpand

Xons1 = Tixyn = T2 1x, ,foralln € N.,n =012 ..............
Similarly,
Xonsz = ToXpy = TF2xy, foralln e NNn=0,1,2 ..cc..........
Let, x = x,, and y = x,,,_4 in (3.3)
Then we have,
d(Xan41, X20) = d(Ty1Xon, ToXon-1)
< a1d(Xon, Xon-1) + ax[d(TyXon, X2n) + d(ToXon—1, X2n-1)]
+az[d(T1xan, X2n—1) + d(T2X2n_1, X20)]
< a1d(Xzn, X2n-1) + @2[d(Xan41, X2n) + d(Xon, Xan—1)] +a3[d(Xzn11, Xan-1) + d(X2p, X20)]
< a1d(Xzn, X2n-1) + 2[d(Xant1, X2n) + d(X2p, Xon-1)] + as[d(xzni1, X2n-1)]
< a1d(Xzn, X2n-1) + A2[d (Xant1, X2n) + d(x2p, Xon—1)] + az[d(x2n, X2n-1) + d(Xan, X2n41)]
< (az + az)d(xzp11, X2n) + (a1 + az + as) d(xzn, X2n-1)
(1 —a; — az3)d(xzn41, X20) < (ag + az + az) d(Xzn, X2n-1)

aitaz+a
d(Xon41) X2n) < 711_11 2_ 2 d(X2n, X2n-1)
2—as

This implies, d(xop41, X2n) < hd(Xon, X2n_1)

+ay+
= hd(xXyp, Xap_1) , Where, b = 222275

<1
1-az—as
Similarly, we obtain,

d(X2n+2) X2n41) < hd(X2p41, X2n)
Hence,

d(Xans1, X2n) < hd(xXon, Xon-1) < h?d(Xon-1, Xon-2) < B2d(Xan-2, Xon-3) < e vee v < R (24, %)

We now show that {x,,} is a Cauchy sequence in X.
d(Xon, Xom) < d(op Xons1) + A(Xonst, Xong2) + 0 v +d (Xom-1, X2m)
S hznd(xl, xo) + h2n+1d(x1, xo) + ARREFTPITPIT + hzm_ld(xl, xo)
h2‘m.
S Ed(xl, XO) d 0
Hence,
lim,,_,,d (x5, x,m) = 0. By applying lemma 2.5, {x,,} is a Cauchy sequence in X

2m

Let 0 << c¢ be given, choose a positive integer Nj, such that ’;_—hd(xl,xo) < c , for allm = N;.Thus
d(Xyn, Xom) K ¢, for n > m. Therefore {x,,} is a Cauchy sequence in (X, d). Since (X, d) be a complete cone
metric space, there exist x* € X such that x,,, = x*. Now choose a positive integer N, such that d(xZn_Lx*) «
%c,where 1—(a, +a,), foralln > N,. Hence, we have
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d(Tyx*, x*) <d(Tyx", x5n) +d (X x")
=d(T,x", TaXzn—1) +d(x2n‘x*)
<ayd(x", Xon-1)+ ax[d(Tyx", x")+ d(T; Xpn-1, X2n-1)]
+ ag[d(Tyx", Xan—1 + d(T Xop—1,x7)] + d(XZn,X*)
<ayd(x”, xn-1)+ ax[d(Tix", x")+ d( Xzn, X2n-1)]
+ az[d(Tix", Xpp—1) + d(xZn‘x*)] + d(xZn,x*)
< ayd(x", Xpn-1)+ ax[d(Tix", x*)+ d( Xan, X2p-1)]
+ as[d(x*, x3p—1) +d(Tyx*, x™) + d(xz,l,x*)] + d(x2n_x*)

< rE—— [a1d (X", X2n—1) + A2d(Xpn, Xon—1)* az{ d(X", x2p1) + d(x2n,X*)}

+ d(xZn,x*)]
1 % * *
<= [a;d(x", xan—1) + a{d( X", Xp_1)+ d(xZn‘x )}
+ag{d(x", xn_1) + d(xZn‘x*)}+ d(x2n‘x*)]
1 % *
=2 [(ay + az + az)d(x", x55-1) + {1 + (az + a3)d(x,,x")}]
< i[%ac+%”c:cforalln > N,.
Thus, (Tyx",x*) « —, forallm = 1,50, —— d(Tyx",x*) € P, for all m > 1Since, = — 0 (as m — co) and P
is closed, —d(Tyx* x*) € P.But d(Tyx* x*) € P.Therefore d(T;x*,x*) € P =0and Tyx* =x*. So, x is a
fixed point of T
Now we will show that x” is also fixed point ofT:
d(x*, T,x*) <d(Tyx*, Tyx™)
< ad(x*, x")+a,[ d(Tyx™, x*)+ d(Tox™*, x*)] +ag[ d(Tyx*, x™)+ d(T,x*, x™)]
< (az + ay) d(T,x*, x%).
Which, using the definition of partial ordering on E and properties of cone P, gives that d(x*, T,x*) = 0,
and x* = T,x*. Conversely, any fixed point of T;is the fixed point of T,.That is T;x* = x* = T,x*. Thus x* is
common fixed point of T; and T,
To prove uniqueness, let us suppose that, if y is another fixed point of T; and T,
d(X*l y*) = d(TIX*' sz*)
< a;d(x",y") + ap[d(Tyx", x*) + d(TLy", ¥y )] + as[d(Tix", y*) + d(T,y", x7)]
<(a; + 2az)d(x",y").
Hence d(x*, y*) =0 and so, x* = y*. Therefore x* is a unique common fixed point of T, and T, . This completes
the proof.

Remarks 3.4.

1) Ifweputa; =k &a, = a; = a, = as = 0 intheorems 3.1, 3.2 and 3.3. Then we get the result of
theorem 2.1 of Dubey et al.[38].

(2) Ifweputa; =0,a, =a; =k &a, =as = 0intheorems 3.1,3.2and alsoputa, 0,a, =k,a; =0
in theorem 3.3. Then we get the result of theorem 2.3 of Dubey et al. [38].

3) If puttinga, = a, =a; =0&a, =as =k intheorems3.1anda; =a, =a; =0 anda, =k in

theorem 3.2 and also put a; = a, = 0,a; = k in theorem 3.3, we get the result of theorem 2.4 of
Dubey et al.[38].

Respectively in it,
Precisely, theorems 2.1, 2.3 and 2.4 are synthesizes and generalizes all the results of [38] for a contractive
mappings in cone metric spaces by using normality of cone.

Theorem 3.5: Let (X,d)be a complete cone metric space and Ty, T,: X — X be a self mappings satisfies the
condition.
d(Tyx, T,y) < ald(x,y) +d(x, Tix) + d(x, T,y)] +B[d(y, Ty1x) + d(y, Toy) + d(Tyx, T2y)]

for all x,y € X,where «, 8 = 0 are all non negative constants such that 3 « + 38 < 1.Then T, and T, have a
unique common fixed point in X and for any x € X, iterative sequence {T2"*1x,}and {T#"*2x,} converge to the
common fixed point. Moreover, any fixed point of T;is the fixed point of T, and conversely.
,Proof: For each x, € X and n > 1, set x;,= Ty xpand

Xons1 = Tixyy = T2 1x, ,foralln € N.,n =012 .............
Similarly,

Xonsz = ToXon = T2 2xy, foralln € Non=0,1,2...............
Let, x = x,, and y = x5, _4 in (3.3)
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Then we have,
d(X2n41, X2n) = A(TyX20, T2Xon—-1)
< a[d(xzn, X2n—1) + d(X2nT1X20) + d(Xan, ToXon—1)]
+B[d(xzn-1,T1X2) + d(X2n—1, ToXon-1) + d(T1X2n, ToX2n-1)]
< a[d(xzn, Xan—1) + d(Xan, Xon41) + d(Xan, X2n)]
+B1d(Xon-1, X2n41) + A(X2pn—1, X20) + A(X2n41, X20) ]
< a[d(xZnﬂxZn—l) + d(xZn: x2n+1)]
+B[d(x2n Xan-1) + d(Xan, X2 41) + A(Xan—1, X20) + d(X2p41, X2n)]
<(a+2B) d(xzp, Xons1) (@ + 28)d (X2n41, X27)

Therefore,
2 2
d(Xan+1,X2n) < 1—i;+l2;b’) d(Xan+1, X2n) , Where h = 1—i:+§ﬁ)
This implies,d (X241, X2n) < hd (X2, X2n—1)
Similarly, we obtain,
d(Xzn42) X2ns1) < hd (X211, X2n)
Hence,
d(Xan41, X2n) < hd(Xop, Xon_1) < h2d(Xpn_1, Xan—2) < h3d(Xon_2, Xon-3) < =" e vevvev e e < K (1, X))
We now show that {x,,} is a Cauchy sequence in X.
d(Xzn, Xom) < d(op Xons1) + d(Xonst, Xong2) + v +d (Xpm-1, X2m)
< h?Md(xq,%9) + A2 (g, xg) + 0 e e + h?™=1d (x4, x0)
th
< Ed(xl,xo) -0
Hence,
lim,,_, o d (X5, x2m) = 0. By applying lemma 2.5, {x,,,} is a Cauchy sequence in X

2m

Let 0 << c be given, choose a positive integer Ni, such that ';_—hd(xl,xo) < c , for allm = N;.Thus
d(Xyp, X2m) K ¢, for n > m. Therefore {x,,} is a Cauchy sequence in (X, d). Since (X, d) be a complete cone
metric space, there exist x* € X such that x,,, = x*. Now choose a positive integer N, such that d(xZn_Lx*) <
%c,where 1— (a+2p)foralln > N,. Hence, we have
d(Tyx*, x*) <d(Tyx*, x35,) +d(x2n‘x*)

=d(Tyx", Tyxpn—1) +d(x2n,x*)

<ald(x”, xzp_1)+ d(x", Tyx")+ d(x7, TaXzn-1)]

+BlA(Xzn-1, T1x™) + d(Xpp_1, Tp X2n—1) + d(Tyx", ToXpn_1)] + d(x2nx")

<afd(x", xpn-1)+ d(x", Tyix")+ d(x", xp,)]

+ Bld(xon-1, T1x™) + d(X2p—1, X20) + d(X7, x20)] + d(xZn,x*)

Sald(x®, xap-1)+ d(x", Tyx")+ d (X7, x2p)]

+ Bld(xzn_1, %) +d (", Tix")+d (X", X2n) + d(x",%2n)] + d (20, x")

1 % *

< gy L@+ PG, xanm0) + {14(@ + 28) d (0 x7))]

< i[%ac+%ac:cf0ralln > N,.
Thus, (T;x*, x*) « % ,forallm >1.So %— d(Tyx* x*) € P, for all m > 1.Since, % — 0 (asm — o) and P
is closed, —d(T;x*, x*) € P.Butd(T,x*,x*) € P.Therefore d(T;x*,x*) € P =0and T;x* =x*. So, x is a
fixed point of T}
Now we will show that x” is also fixed point ofT,:

d(x*, Tyx*) <d(Tyx*, Tyx™)

<ald(x*, x)+d(x", Tix)+ d(x", T,x*)] +8[ d(x*, Tyx*)+ d(x*, Tox™) + d(Tyx*, Tox™)]

< (a+2B) d(T,x*, x¥).
Which, using the definition of partial ordering on E and properties of cone P, gives that d(x*, T,x*) = 0,
and x* = T,x*. Conversely, any fixed point of T;is the fixed point of T,.That is T;x* = x* = T,x*. Thus x* is
common fixed point of T; and T,
To prove uniqueness, let us suppose that, if y is another fixed point of T; and T,
d(x",y") =d(Tyx", Toy")

<ald(x®,y") +d(x", Toix") + d(x"Toy",)] +B[d(y", Tax )+ d(y", Toy )+ d(Tyx", Ty )]
< 2(a+ B)d(x*,y")

Hence d(x*, y*) =0 and so, x* = y*. Therefore x* is a unique common fixed point of T; and T, . This completes
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Corollary 3.6: Let (X, d)be a complete cone metric space and T;,T,: X — X be a self mappings satisfies the
condition.

d(Tix, T,y) < ald(x,y) +d(x,Tix) + d(x, T,y)]
for all x,y € X,where « = 0 are all non negative constants such that a € [0, g].Then T, and T, have a unique

common fixed point in X and for any x € X, iterative sequence {T2"*1x,}and {T2"*2x,} converge to the
common fixed point. Moreover, any fixed point of T;is the fixed point of T,, and conversely.
Proof: the proof of corollary immediately follows by putting 8 = 0 in the previous theorem.

V. Conclusion
In this article we have proved that the existence and uniqueness of common fixed point theorem for contraction
in cone metric spaces. The results of this paper generalize and extend the results of, S. K. Tiwari & R. P. Dubey,
[1] on contractive mappings in cone metric spaces.
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