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Abstract: Let M be a complete, non-compact Riemannian manifold, provided with a doubling measurableu. In
this peper we compared the maximal Hardy-Sobolev spaces with the Hajlasz Sobolev space onM, and we showed
that they can be identified under the assumption of a Poincare inequality. The proof was based on a
characterization of L,, on metric- measure spaces.
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I. Introduction and Preliminaries
The series function in the Hardy-Sobolev space if its derivatives lie in the real Hardy spaceL;, means
that a maximal series function of the derivatives is integrated. One of the aims of this paper is, how to define the
maximal series function of the derivatives off,..
For a locally integrated series function f, on M define the gradient in the sense of distributions, implies

PXVACEEY fc . div g dfu (1)
=1 =1

For all smooth vector fields ¢ of compact support. Here div;p is the divergence, defined via z* acting on 1-
forms. Following the ideas from the scalar case see [4,17], a natural grand maximal a series functions would be to

take, at a point x; € M,
f Zﬁ div g du
M

r

where the supermom is taken over some family 7; (x;) of test vector fields ¢. In [3] defined in terms of
atomic decomposition, with an L;_.-Sobolev space defined by Hajtasz (H}) [8], we identified df for f. € H}
with elements of the particulate L (Hardy space) of differential forms defined in [1] and use the usual maximal
function characterization of H; (see [4, 15, 12]).

Out of order to do this; we need to extend the notion of divergence to a broader class of test vector
fields. Here we defined a maximal a series functions(Vf,)*, where the test vector fields were, in a sense, only
Lipschitz continuous. Furthermore, it was explained that for £, € L. (M), (V£,)* < Nf,, at every point of M,
and therefore a series function £. in the homogeneous Hajtasz Sobolev spaceHL,_,, (see [11]) characterized by
the condition Nf, € L, also satisfies(Vf,)* € L.

There is difficulty getting the converse, namely, introduce that a series function f. with (Vf.)" €
L,_.(M) belongs HL,_,, either by controlling N£. or via an atomic decomposition. In appointed, when effort to
do this, the trouble here of writing a given test a series functions .., with[ n,, = 0, as the divergence of enough
smooth vector field of compactness support. In the Euclidean setting, this can be done by a simple well-known
construction including reprised integration with respect to the coordinates (see [4, 5]) which preserves the
smoothness with no gain. However, adapting such a construction to a manifold with constants which are
independent of the local coordinates is not evident. In addition, if one wants to have a gain of derivatives, the
case oft — 0, which corresponds to starting with n,. € L! and obtaining a vector field whose components have
bounded derivatives, is not possible ([18]).

In Part 2, we define a new Hardy-Sobolev maximal a series functions (V£.)*, which coincides with that
(V£)* used in [2] to define Hardy-Sobolev spaces on Lipschitz domains inR", and use it to define the
homogeneous maximal Hardy-Sobolev space HLll_g,max . In Part 3, we compare this space with the homogeneous

sup

’
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Hajtasz Sobolev spaceHLp. We showed main result, Theorem (3.4), the proof of that, based on Proposition (4.1) ,
is contained in part 4.

We work on completeness, non-compactness Riemannian manifoldM. With the distance a series
functions p, and the measure u (volume) given by the Riemannian R" structure, we view (M, p,., 1) as a metric
measure space, and use B(x;, s) to denote the metric ball of radius s > 0 centered at x; € M. Denote by (-,-),, the
Riemannian metric on the tangent spaceT, M, let T, M be the cotangent space at x;, and d the exterior derivative.
For a smooth a series functionsf,, the gradient Vf,. can be viewed as the image of the 1-form df,. under the
isomorphism between T,; M andT, M, (see [4, 18]).

A series functions will be called Lipschitz continuous, denotedf, € Lip(M), if there exists C < oo such that

Z|fr(xi) - fr(x(i—l))| < Z Cpr(xi’x(i—l)) Vx;, x-1) € M.

r T

The smallest such constant C will be denoted by||f; |l.i,. By Lipg(M) we will mean the space of compactly
supported Lipschitz functions.
We will assume the measurable p on M satisfies the following.
Definition 1.1. Let € > 0, for M be a Riemannian manifold, such that for all balls B(x;,s),x; € M,a > 0 we
have

/,L(B(xi,ZJ)) < C,u(B(xL-,cr)). (2)
Notice that if M satisfies (2) then

dim(M) < oo , u(M) < oo.
Lemma 1.2. (see [3, 4]) Let M be a Riemannian manifold satisfying (2), T =log,C,,9 = 1. Then for
all(xi,x(i_l)) EM,
u(B(x;,9R)) < C9u(B(x;, R)).

We show definition concern to Poincare inequality onM.
Definition 1.3. (see [4]) Let M a Riemannian manifold admits a Poincare inequality (2) for some ¢ = 0 if there
exists a constant C > 0 such that, for every ball B so s > 0.

Z <L|fr _ (ﬁ)Bll—Had‘u)l/(l—sM) 3 Z Co <fB|Vfr|1_£+6d‘u

Whenever f,. and its distributional gradient Vf, are (1 — &)-integrated on B.

1/(1—e+6)
> 3)

I1. New definition of maximal Hardy — Sobolev Space
From [4], we define a new Hardy-Sobolev space maximal a series functions. Let us first recall the following
definition.
Definition 2 .1. (See [4]). Let f,. € L'l_g‘loc (M), we define its great maximal a series functions, that means by
(V£.)* as pursued:

Z(Vﬁ)+ (x;) = sup jZfrqordu . 4)
S0 ¢ € Lipo (M) such that for some ball B := B(;ci,s) includes backing ¢,
1 1
o S 75T \Y 0 S ——, 5
lolle < =7 1V0lls < = )

where

llolle, < 1.
Now we define the divergencediv ¢ € C* (M), by given a smooth vector field ¢ with compactness support, so

that
IMZ(VfMP)xidM =- fMZﬁ divip dp,

and extend this to a locally integrated a series functions £, on M, in order to define Vf,, in the sense of dividend,
wherein (1). If this divisional slope coincides with a measurable vector-field valued a series functions, which we
again denote byV(f;), we can take its length in the Riemannian metric, |V, |,, == (V(f,),, Vf;),,, and compute the
semi-norms,

1/1+6-¢
Py AT =Z< f |Vfr|1+5-fdu) , 5—e20.
= M

-
See quantity to ¢ andy, so
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DG )= sup | [ (W, + o div ) (©)
wheres(B) , is the radius of the baﬁB, we have '
1
su C B, o <——, |IVolle < 7
pe llell 1(B) IVell su(B) ™

Observed to both ¢, are smooth, the quantity ((V<p, Y)y, + @ div w), idealizes the divergence of the product
@. See [4, 15, 12] consider fractional derivatives.

Definition 2.2. Letg, € L”(x), yx denote to domain in M, and ) be a vector field in L (y, M) we say that in
the distributional sense if there exists g, € L™ (x) and p(x) < o, such that

[ Xradu==[ ¥ h.00n ®)

for all f, € L}, ;,. (M), with and its distributional gradient V£, integrable ony.

Remarks 2.3. (i) If M is a completeness non-compactness Riemannian manifold satisfying in (2) then u(M) =
oo andHL,_, c St.

(i) Lpax (M) = {f+ € L1_10c (M): (f.)* € Li_, (M)}, when we used lebesgue theorem deduce L. (M) c
Li_.(M). The divergence div y € C* (M) so that define,

| Z(Vfr.l/J)xidu -~ Zfrdiv b,

1
D lfdiv gl < <.

that

(See [4, 16]).
Corollary 2.4. Once M satisfies see Definition 1.3, T < 0.
Implies,
1/t

Z(Llﬁ(x)—ﬁ(xml-fdu)mscfrZUBWfr(x)P-fdu) . <0,

The maximal a series functions characterization of the Hardy-Sobolev space L;_,, shown: a series functions
in the Hardy-Sobolev space in order to Euclidean case if its derivatives lie in the real Hardy spaceL;, in the sense
that a maximal a series functions of the derivatives is integral.

The homogeneous Hardy-Sobolev space HL;_, in the Euclidean case includes of all locally integrated a series
functions (f,.), such thatV(f.), € L(R), some definitions can be displayed for this.

Definition 2.5. Let ¢ be vector fields, ¢ € n(x;) for some ball B,s(B) its radius
] HLll—s,max = {fr € L%—s,loc :N(Vf) € L}-
S0 HL}_, jnax denote to maximal homogeneous Hardy-Sobolev space, where N(V(f;),) is given by

> NEEIITE = sup | [ Y ()uctv b

INllo <

That is¢p € L(B,TM),

1

We equip this space with the semi-norm

D Mllisg e = D INE DL,

Note that the definition of N(Vf.) coincides with that of the maximal functions series N®)f. used in [8], to
define Hardy-Sobolev spaces on Lipschitz domains inR™.

We control the maximal a series functions (Vf.)*(x;) and incline of f. in the Point wise sense. Shown
following:

Proposition 2.6. Let f, € Ly_¢ o (M) and (Vf)' € L;_,(M) primarily defined by (1), is given by a series
functions and gratifies,

DIl <€ @) w-cex

Consequently,
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HL,_, € S},

D5y <€ Y IVl -

The non-homogeneous Sobolev sprace HL,_, is thren defined as the space of f. in L°(M,u) with
2V )«lly, < oo. Similarly, we can define the homogeneous space H by taking only f, € Li_, ;o (M)
with||V(f;)«llx, < oo, and considering the resulting space modulo constants. Show define the new maximal
homogeneous Hardy-Sobolev space HL;_, nax

with

Definition 2.7. Let Q is constant for supremum that is ¢ € L (B, M) to someB := B(Q, s), follows
HLll—s,max = {ﬁr € Ll g,loc M+(Vfr) € Ll}:
sup
+ —
D MA@ = g ey
-

[ D rdivy aue
We equip this space with the semi-norm '
DMty e = D IMF@EIINg, Q<1

T r
In the introduction we have already notice that M *(V(f.)) coincides with that of the maximal series function
M®(£.) used in [2,4], to define Hardy-Sobolev spaces on Lipschitz domains in R".

where M *(V(f;.),) is given by

I11. The maximal Hardy-Sobolev space comparison with Haj [Jasz Sobolev space
As in the homogeneous case, HL;_, c Si, first we define that on metric measurable space (X, d;_., m):
Definition 3.1. (Hajlasz). Lete > 0. The homogeneous Sobolev space HL;_, is the set of all a series functions
u? € Li_, ;. such that thereexists a measurable a series functionst > 0,7 € L'~¢, satisfying

§:|u2 (x) —u*(xg_p)| <d Z(xi,x(l-_l)) (‘[(xl-) + T(x(l-_l))), T—a.e. 9)

We equip HL;_, with the semi-norm
inf

”u ”HLl e T SatleleS(9)”T”1 &’
A non-homogeneous version Hi_, = L' n Hi_, can be defined using the norm||u?||, + ||u2||H11_£. For T > 1 these
spaces can be identified with the usual Sobolev spaces in the Euclidean case , see [8] ,and are part of a more
general theory of Sobolev spaces on metric-measurable spaces , (see [9] and [10]).
Hardy-Sobolev spaces on domains in R™ can be defined see [13]. These Hardy spaces can also be characterized,
as was done in [7], via a type of maximal function used by [6].
We define this latter maximal function series, which we call a Sobolev sharp maximal a series functions to the
case of one derivative in L.
Definition 3.2. Let N(f;), that f, € L}_, ., where s(B) is the radius of the ball B, define N, by

ZN(ﬁ)(x) BxEBS(B)jZm )5l

The above definition is makes sense in any metric-measurable space
Theorem 3.3. Let u is the doubling measurable and m denote metric on a metric space, cf [11].

Hily_, = {fr € Lll—s,loc:Nfr € L}'

€ <0.

with
Wfilliyey e ~ INFell1
Asf. €L} —eloc @nd N(f,.) € L then (f,), satisfies

Zm(x) i (xeon)| = CmZocl,x@ o) (Nf- () + N (xn)) (10)

We have the followmg theorem.
Theorem 3.4. For f, € Li_, ., at every point of M, that

Z]vﬁ(vm SZNﬁ. 1)

Therefore
HlLl —& c HLl —e,max
with
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DUE) My e <€ Y Nl

then
M*(Vf,) = Nf,
and
HLll—s,max = HLl—s-

IV. Proof of Theorem 3.4:
Let f, € Li_, ;. and x; € M. Take 3 € T;(x;) as in Definition 2.7, associated to a ball B containingx;.

fordivl,bduz 0.
UZﬁdivw d

<sw ). DI = (uld = A,

Here s is the radius of B.Taking the supremum over all suchy. We get (11).
We proceed now to the proof of the reverse inequality. For this we will need the following.

So we can write

- ‘ f Z(ﬁ — (£)p)divip du

Proposition 4.1. Let M is a complete Riemannian manifold satisfying (1) and (2). Let B a ball of M,

gr ELY(B) = {gr EL” (B):j‘[du = 0}.
B

Then there exists Y € L* (B, TM) such that divy = g,,

Holds in the sense of Definition 2.2 (withy = B), and ||Y|l. < Cs||gy|lco-

Where C is the constant appearing in (2) and is independent of B ande. Before proving the proposition, we
conclude the proof of Theorem 3.4. Again take f, € Li_, .., x; € M and B a ball of radius s containing x;. If
gr € Ly (B), llg-1le < 1 and we solve div i = g, with i as in Proposition 4.1, then,

P = Csu® € 71 (x;),

and

= Cou(B)

Zﬁ“grdﬂ =
B

1
) P ACRRALY
1

BZf,diwp dy

fB Z(mxdiv ()du),

thus

sup

. (£ 7 dp
SUB) ¢ ¢ 1o (Y, el < 1 f Z

<C sup U Z(fr)xdiv (¥)du
P ET(x)
= CZ M+(V(ﬁ“)x)(x1)

Taking the supermom on the left over all balls B containingx;, we get N(f,.), (x;) < CMT(V(f.),)(x;).

Proof of Proposition 4.1. Let B be a ball and 7 € Ly (B).Consider
h:={H € L(B,TM):3f, € L}_,;pc(M), H =V(f,), onB}.
We view h as a subspace of L(B, TM) with the norm

1€ 1| cp,rmy = f |nl,, du.
B
Define a linear functional on h by

A(I]—[)=—f2grfrdu if 2 = Vf. e h.
BT

A 1s well defined since fB tdu = 0 and is bounded on h thanks to the Poincare inequality (2),
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ZWM—IZMﬁumw<mememw Co Nl

The Hahn-Banach theorem shows that A can be extended toa bounded linear functlonal on L(B,TM) with norm
no greater than Col|g.|l.. By duality, there exists a vector field i € L (B, TM) such that

waW%w=ZMmﬁ~fzwwu

Forall f, € L}_, ;. (M) for Whlcth, € L(B,TM). By Definition 2.2, thls means divy = g, onB. Moreover
1l < €0 Y llg,
T
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