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Abstract: This paper presented a framework of mathematical model of double exponential voltage waveshape
for purpose of generation of impulse voltages and currents. An impulse voltage is a unidirectional voltage
which, without appreciable oscillations, rises rapidly to a maximum value and falls more or less rapidly to zero.
The maximum value is called the peak value of the impulse and the impulse voltage is specified by this value.
Small oscillations are tolerated provided that their amplitude is less than 5% of the peak value of the impulse
voltage. An impulse voltage develops without causing flash over or puncture, is called a full impulse voltage,
but if flash over or puncture occur thus causing sudden collapse of the impulse voltage is called a chopped
impulse voltage. A full impulse voltage is characterized by its peak value and its two time interval, the wave —
front the wave-tail time intervals. The wave front time of an impulse wave is the time taken by the wave to reach
to its maximum value starting from zero value. It is difficult to identify the start and peak points of the wave,
hence the wave front time is specified as 1.25 times (t, — t;), where t, is the time for the wave to reach to its 90%
of the peak value and t; is the time to reach 10% of the peak value. Since (t, — t;), represents about 80% of the
wavefront time, it is multiplied by 1.25 to give total wave front time. Evidently, some basic concept of circuit
analysis including Laplace transform principle were used to solve for the double exponential voltage wave-
shape, formulated from the circuit analysis. The solutions of the formulated problems represents the model for
the exponential growing voltage/currents wave shape representatively. Some specific assumptions were made in
analyzing this models. The results from the analysis shows an exponential increase in voltage values with
respect to time which represents the growth of the voltage pattern. This result are were represented on graph
using matrix-laboratory (Matlab). Most importantly, the protection of power substations against lighting over
voltages is critical reliable operation of electrical network since a frequent initiation of lighting surges etc
without adequate moderation of the developed overvoltage may serious damage equipment, facilities etc
resulting in power supply interruptions. This means that this paper will analyse time the voltage profile with
respect to time in is order to access at what point the voltage is critical not adequate for power system
equipments.
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I Introduction

The protection of power substations against lighting over-voltage is a major concern for power system
planner and operators. Since natural occurrences of atmospheric surges are liable for causing serious damages of
power system equipment, facilities resulting into interruptionst™.

Lighting can cause huge damage to low voltage installations/electronics circuits, especially in medium
and high rise building structures and communications linest.

Analysis of lighting performance of substations are necessary in order to calculate the expected over-
voltages and take the appropriate measures. Considering various factors such as: the installation position of
surge arrestors and the length of the underground cables. The analysis of this paper will be useful for practicing
engineers and electrical power utilities for the improvement of the lighting performance of existing substations.
The basic parts of a typical substations are the power transformer, the incoming overhead transmission lines, the
cables, the circuit breakers, the current transformers, the disconnecting switches. External over-voltages can
cause several damages to a substations, leading to insulation breakdown, a series of activities of power
interruptions and the concern for safety to the personnel are always necessary™..
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Lighting surges due to natural phenomenon may cause dangerous electronmagnetic interferances
problem to low voltage system especially in electro-magnetic intereference problems to low voltage systems and
particularly to electronics devices™..

Considering the implication of high cost of electrical installations. Importantly, lighting surges that
impinge on the overhead transmission lines that are connected with the substations are the main cause of
overvoltage stresses of the insulation of the substation’s equipment. ®. If lighting is directly on the phase
conductors of the transmission lines, two traveling waves may appears, the magnitude of which depends on the
lighting peak current and the surge impendance of the conductors.

The overvoltage wave will arrives at the entrance of the substation and can result in several serious
damages of the components of the substations'®..

The analysis and effect of over voltage due to lighting

When the activities of lighting (surge) hits on tower or ground wire of an overhead transmission line,
the magnitude of developed over-voltages will seriously depends on the rise time of the injected light current;
the induction of tower, tower footing resistance!®..
Evidently, if the initiation of over-voltage exceed the insulation level of the line then a problem of black flash
over will occur, and this may result into propagation of surges to the connected substation resulting into serious
mal-operations of the system, thereby destroying the power equipments and facilities in substations. .
Back flashover as a result of mismatches between installed insulation level of the line and the developed
overvoltage on transmission line is a common substation equipment faults occurrence, which need to be
moderated with power electronic controller to take care of excessive overvoltage stresses at all time.

Analysis for improving the developed lighting surges (over-voltages)

The activities of lighting performance of the system can be improved by:

- Installing surge arrestors in parallel with the insulators and the primary side of the transformer.

Because surge arrestor will divert the current of the lighting strike to the earth and restrain the voltage at the
terminals of the equipment. This is in line with developed overvoltage across the insulators of the transmission
line exceeding their dielectric strength as compared to the flashover. 1,

Directly lighting hit due overvoltage

Substation, are adequately protected against direct lighting hits, in accordance to electromagnetic and
electrogeometrical models and equations!*?..
That is lighting surges that hits on overhead transmission lines that are current with the substation are the main
problems of overvoltage (voltage stresses) of the insulation of the substation equipments.
For examples, lighting hits is directly on phase conductors of transmission lines, two travelling wave appear: the
magnitude of which depends on the lighting peak current and surge impendance of the conductors™..

Critical factors that determine the efficiency of lighting protection system

The initiation of voltage wave will arrive at the entrance of the substations, and this may result into
several damages of the substation components, if not moderated immediately. That is, the developed
‘overvoltage’ is not depended by protection measure, tower footing resistance only.
Evidently, the critical factors to be considered includes: the lenght of cable, the position of lighting hit, the
position of the installation of the arrestors, grounding resistance, the characteristics (behaviour) of the surge
arrestor implemented. These actually determine the efficiency of the lighting protection system and affect the
lighting performance of the substations. %!,
Similarly, if surge arrestor is installed between phase and earth of the transmission-line part of the lighting
current will be diverted to the grounding system, depending on the nature of grounding resistance. The ground
resistance low values ensure that almost the total currents will pass through the arrestor, and the developed over-
voltages will not exceed the insulation levels of the system.

Indirect lighting hit due to over voltage

When a lighting strike, hits on the ground wire or the times of an overhead transmission line, the
magnitude of the developed over-voltages depends on the time footing resistance, the induction of the time and
the rise-time of the lighting current!**].,
Eventually, if the overvoltage exceeds the insulation level of the line, a back flashover is occurred. This may
results into surge propagation to the connected substation and may lead to serious mal-operation of the power
system.
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Therefore, the lighting performance can be improved by installing surge arrestors in parallel with the insulators
at the primary side of the transformer. Surge arrestor which will divert the currents of the lighting strike to earth
and taken the voltage at the terminals of the equipment.

When lighting of various degree (35KA, 40KA..... etc) hits a phase conductor of a 132KV overhead
transmission line. Then the resulting developed voltage surge will travels through the conductor and cable to the
substation's transformer (132/33KV). The developed overvoltage at the beginning (position -1) and at the end
(position - 2) of the cable can be determined using E-tap (Electrical transient analyzer) tool. ™!

Eventually, as far as the length of cable of (position 1&2) is concerns, the longer the cable will result into
reduction of the 'developed over-voltages'. ™!,

This also means that position of the arrestor to be installed is a great necessity for adequate and sufficient
lighting performance of the substations. Hence, increasing the distance between arrestor and transformer will
reduces the effectiveness of the installed arrestors. ¢,

Il Materials And Methods
Analysis Of Impulse Generator
The analysis and evaluation of impulse circuits elements are shown in figure 1.
- The simplified form of practical impulse generator given as:

E:

C: ___— W
R: ? P WVit) = Vz (1)
it)

Fig. 1: Simple Circuit of an Impulse generator

The impedance (z) of the circuit can be analyzed using Laplace transform, then the impedance of the circuit can
be written in the form of:

Z= Rl+i+(R2//C2) (1)

G
or

Z= Rl-f-i-l-i-i-cz )
1 RZ

Z= Rl+i+i (3)
1 Zl

Where

Z,= rc,|=R 4)

/R, T2 1+R,C,

. 1.R

Z= R1+C_1+ 21+R2C2 (5)

Taking Laplace’s transform of equation (5):
Remember, Laplace’s rely strongly on time vary function
zZ9=R, 1 R (6)
1 C,(s) R,C,(s)+1
Simplifying the equation further, we have:
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=Pyt R RCERCE)+H)+RC,(6) +1+R.C,(8) (7)
1 Ci(s) R,C,(s)+1 C,(8)(R,C,(5) +1)
or
Z(s) = RR,C,C,S% +RC,(5) + R,C,(s)+1+R,C,(5) (8)
C.9)(R,C,(s) +1)
But, Vo = i(t) z 9

Taking equation (9) into Laplace’s transform

Vo = I(s) Z(s) (10)

- Since, currents (1) is a time varying functions

- Impedance (z), is a time-varying functions because it depends on: resistor Ry, capacitors, ¢ and Inductor
L

- Therefore to enable Prof. Laplace to operate on time varying function (t) or variable into or transform
to frequency or complex domain(s)

We have:
V 1
I (S) =_90 X —
S Z(s)
Substituting equation (8): Z(s); into equation (11) as:
Z(s) = RR,CC,S? + RC,(5) + R,C,(s) +1+ R,C,(S)

(11)

CL(S)RLC,(s) +1)
Then,
I(s) = (12) or
v, 1
s “RR,C,C,5? +RC,(5)+ R,C,(5)+1+ R,C,(5)
C.(s)(R,C,(s)+1)
|(S) = v, 5 1 (13)
S " RR,C,C,5?+(RC, +R,C, +R,C,)S +1
Ci(8)(Ry(s)+1)
or
I(s) = Vo % Cu(s)(Ry(8)+1) (14)
S " RR,C,C,52 +(RC, +R,C,)S +1
or
\Y V
|(S)= o =_0 «
SZ(s) S
Cy(8)(R,C,(5) +1) (15)

RR,C,C,S*+(RC,+R,C, +R,C,)S +1

Considering the word section, KL,

I(t)

it) R § —— G vy
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V= IxZeq - (a)
Zeq = R, /IC, - (b) (16)
Zeq = L - (©)
R,C, +1
This means, that equation (16):
vt = I(t)xZeq (16) a
or
R
V() = I(t) ——2— (16) b
®) =10 R.C, (16)
Taking equation (16), to Laplace’s transform:
V= 1(S)x —e a7)
R,C,(s)+1

- Now substituting I(s) in equation (14) into equation (17) of V(s):

VO VO
Where, I(s) = — X

SZ(s) S
CS(R,C,S+1) (14)
RR,C,C,S*+(RC,+R,C,+R,C,)+1
This evidently becomes:
V(= R,V,C,(R,C,S +1)
R,C,(s)+1
L (18)
R,R,C,C,S? +(R,C, +R,C,R,C,)S +1
Vs=  V,R,C, x
! (19)

RR,C,.C,5? +(RC, +R,C, +R,C,)S +1
- Divide through by the coefficient of S

Vo RZCl
s = 2 X
(R1R2C1C2 )S +
1
RC, +R,C,+R,C, | S+1
RlRZC:l(:Z RlRZClCZ

(20)

- Representing equation (20) into general quadratic expression as:
= ax® + bx + C (21)

12
X = - b+ w (22)
a

VoR,C, y
RR,C,C,S°
\_ﬁ/_—/

a

Thatis; Vs =
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1
L RC+RC,+RC o 1
RR,CC, RR.CC,
\—ﬂb’_—J T
Where:
V.R,C
Coefficientof X! =a= —2 2%
R,R,C,C,

Coefficientof x=b =
R,C, +R,C, +R,C,
R,R,C,C,

1

Constants=C= ——
Rl R2C1C2

(20)

(23)

(24)

(25)

- The roots of the expression to the denominator are:

V.= | — (R1C1 +R,C, + RZCl) +
R.R,C.C,

2
RC,+R.C, +RC | o
R1R2C1C2

2a

or

__(Rlcl + R2C2 + R2C1) +

V=%
Rl RZClc2

or
__(R1C1 + R2C2 + RZCl)
R1R2C1C2

V=% +

or

(26)

2
\/[ RC,+R,C, + chlj _ac @1
R1R2C1C2

2
(Rlc1 +R,C, + chlJ 4 28)
R1R2C1C2 R1R2C1C2

V=% _(R1C1 +R,Cy + RZCl) +
RiR.C,C,

__(Rlcl + R2C2 + R2C1) +

V=%
i RR,C,C,
Let o= % RC,+R,C,+R,C,
2RR,CC,

\/( RC,+R,C, + chljz 4
R1R2C1C2 R1R2C1C2

and

2
RC, +R,C, + chlj 4 29)

R1R2C102 R].RZClCZ

(30)

(31)

WWW.ijesi.org

6 | Page



A Mathematical Modeling Of Double Exponential Voltage — Waveshape (Impulse Generator) For

2
Let, =B =% R.C, +R,C, +R,C; 4
| RR.C.C,

" RR,C,GC,

(32)

From the expression of equation (30), the roots of the equation becomes:

(—aiﬂ) or (—aiﬂ) (32)

Therefore, the roots are:

(- +B) and (o — B), which can be expressed in terms of voltage (v);

Recalling equation (20)
__VoR,C, 8
R, R2C1C252
1
N RC, +R,C, +R,C, N 1
F\>1RZC1CZ RlRZClCZ

or

(20)

or

+(acf+&cf+&cqs+ 1
RlRZClCZ R1R2C1C2
Similarly,

\Y/ 1

V,=—2-x
RC, (S+a-p)S+a+p)
Finding the partial fraction of the expression above:
1
(S+a-p)S+a+p)

(34)

1 AS+a+p)+B(S+a+p)

A, B
(S+a-pB) (S+a+p)

(35)

(S+a-pB)XS+a+p)

- Equating equations on the LHS and RHS, we have:
1=A(S+a+B)+B(S+a-p)
Expanding we have:
1=AS +Aa + ApB +BS + Ba - B

or
1=AS +BS + Aa + Ba. - AB - BB

or

1= (A+B)S+ (A +B)a+(A-B)B
- Equating coefficients:
Therefore the coefficient of [S] to LHS and RHS:
O=A+8B (41)

or
A=-B (42)
Equating coefficient of constants terms; to LHS and RHS;
1=(A+B)a+(A-p)B

or

1=(A+A)a+(A-Ap

36
(S+a-B)S+a+p) (39)
(37)
(38)
(39)

(40)

(40)

(43)
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or
1=Ao— Ao +2AB (44)
1=2 Ap (45)
or
A= i (46)
= 25
ButA=-B or B=-A
or
B = - i 47
= 2
Substituting these values of A and B, we have:
From (35):
vs=_Vo xl( ! j—1(8+a—ﬂ)
RC, 28\S+a-p4) 2p
or
vs= Vo Xl{ 11 } (48)
RC, 2B[S+(a-p) S+(a-p)

- Since, the expression is in inverse, therefore we can take the inverse Laplace transform of equation
(48), we have:

V(S) = VO 1 _ 1 (49)
2ARC,|S+(@-p) S+(@-p)
Let, V, = Vo (50)
218R1C2
Then, equation (49), becomes:
V() =V, [ —prlenr | (51)

Evidently, equation (51), represents the double — exponentials — voltage wave shape equation.

This is an expression of the difference between two exponentials equations.

- Let t; be the voltage wave front time,

- Let t, represents the wave tail time.

- This nears that, the characteristic roots of the voltage wave form (o and ) must have unique values,
irrespective of the particular circuit being used.

- At time t;, the slope of the voltage wave is zero, (0) this evidently means that, the mathematical

: dv
relation, =0
ot (t)
- From (51):
V(t) = V, [g—(a—ﬂ)t _g—(cﬁﬁ)t] (51)
Then,

dv
Slope = —(t) =0 52
p 5O (52)
Therefore, equation (52) becomes:
A [— (=B X (o + Bt J: 0 (52")
or
Voo =) = (a+ gt (53)
or

Simplifying eqgn. (53):
(a— )™= (a+p)r =™ (54
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or

(a+p) == (a=-p) ™ (55

Simplifying further:
(a+p) _

(@-p) — 7 ©
or
This means that;
(a + ﬁ) — E—oft+ﬂt+m+ﬂt (57)
B)
+4) = (7 (58)
-p)
ak(ing natt;ral log to both side of equation (58):
a+pf 2
= InlY (59)
(a p) )
" (@t p)
In = 2/ (60)
(a-p)
or
2Bt = E“ +h ; (61)
Fort =1, we ha(ve )
a+p
2/ = (62)
* T Map)
Then,
t, 1 In (a B ) (63)
26 (a-p)
Hence, the peak value of the voltage in equation (51) given as:
Vm(t) =V, [[(a—ﬂ)ﬁ _ g(wﬁ)tlJ (64)

Similarly, we can also find value of t,, since t; is already known.

Lett =t

Assume that, the voltage wave form (v) is half of what, it iswhent =1t;

This implies that the voltage waveform at t = t, is equal to half the voltage waveform att =t;
Then

n

v g—(fl—ﬂ)tz _g*(a+ﬁ)t2 ]z EXV [g—(a—ﬂ)ﬁ _(*(Oﬂr/f)tl
2 n

- It is realized that from equation (63) and (65), it is possible to obtain the desired values of « and g for
the required voltage — wave shape (which means, that the shape of voltage depends on «and f).

Assumption:

For purpose of simplification and calculation, the second term on the LHS of equation (65) is much smaller,
than the first-term of the LHS — equation, therefore, we can neglect it, therefore:

vt 2Ly
2

{E( M _ gl J (66)

- Simplifying equation (66):
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op(aPle _ pla-Bl _ g\t

- From equation (65), we can relate t, and t;, hence it can also be stated mathematically as:

t2 o tl 68)
or
t2 = ktl (69)
- Substitute, t, = kt; into equation (66), we have:
e l[f(“”)‘l - ﬁ‘(mﬂ)ﬂ (70)
2

a+p)
or 20° @AW _ pla=pls _ p-leP) }(71)

- Multiply both side of the equation (71) by: £*%

ng(a*ﬁ)ktl Xg(a*ﬂ)tl —

{f A PR plasp)s } A (72)

or
2[—(05—,5)“1 Xf(a_‘g)tl — K*(a*ﬂ)tl Xf(aiﬂ)tl _g*(aﬂﬁ)tl Xg(a*ﬂ)tl

or
2[—(a—ﬂ)tl(k—1) — £ —(a—ﬁ)tﬁ(a—ﬁ)tl _ E—(a+ﬁ)tl+(a+ﬁ)t1 (74)

or
2[—(a—ﬁ)t1(k—l) - KO _K(*Mr/iﬁ“trﬁﬁ) (75)

This implies that, 2¢~(¢~#Xk-1h=

Divide both side by: 1- /"
This implies that,
op-la-plk-1l 1 _ g2

1= 1o

or

(76)

1 gz—ml xR <1 (1)

Similarly divide both of the equation by etk to both side:
This implies,

2 p(a=B)kD)y 1
TR T eV R T (VR
or
2 1

R ) (79)

- Taking natural logarithms to both of equation (79):

2 1
n (—1_ R j = '”(—f—@z—ﬂ)(k—m j (80)

or
n [Hz,ﬁj —(a-pk-1x, (©D)
or
(- Bk -1, = |n(1_£2_2 o j (82)

- Divide both side of the equation by (k—1)t; of equation (82):

(73)
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(@-plk-1k _ 1 ln( 2 j

k-0t ., (k-Dt "1_¢m
or
1 2
(a—ﬂ)=t1(k_1)ln(1_ W{J (84)

Condition 1: for determination of (o - B)
If the term: 24t; in the expression of equation (84) is greater than four (or 24t; > 4), then
this mean that 24t; = 5 or more

then,
1 2
_RB= 85
.y tl(k—l)ln(l—ﬁsj ()
or
1 2
_AB= x 86
Y () In[1—2.7185) (%)
or
1
S
2
In( 3] (87)
1-0.006741441x10
or
1 2
. | 88
Y CE n(0.99325856) (8%
or
a-pB= L (2.013574391)  (89)
t(k-1)
1
a-f= x 0.699 (90)
t(k-1)
or
0.7
—B=— (o1)
t(k-1)

With this analysis and model,

We can use equation (65) and equation (91) to determine, or estimates the approximate values of a and
B respectively.
Recalled previous equations for analysis:

Vv {f‘(a-ﬂ)tz gl } )

%Vn [g—(a—ﬂ)tl _ g—(a+,b’)t1]

or > (65)
\Y |:f‘(“—ﬂ)kt1 _f(a+ﬂ)ktl:| =

n

% " [g—(a—ﬁ)tl B [(aw)tl]

When:
(a=p)=—- (1)
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Generation/simulation of voltage wave-form/shape with respect to different values of time in microseconds.
- Recalling equation (51): ‘the double — exponential voltage waveform equations’, we can generate
different voltage values for voltage wave shape .

a+p)t
V(t) :Vn[f‘(“‘ﬁ)‘—z‘( / )} ; (51)

- Given, the standard test — data from (International electro-technical commission for values of o and 3
corresponding to some typical waveshape as forms are:

05/5 4.080 3.922
15 1557 1.366
1/10 2.040 1.961
1/5/40 1.776 1.757
1/50 3.044 3.029

Case 1:
- From table 1, we can generate, values for 1/50 microsecond — impulse waveform using — the double —
exponential equation (50):

a+ t_
V(t) :Vn[f‘(“‘ﬂ)‘—é‘( . (51)

At 1/50 microsecond impulse wave correspond to: o = 3.044, § = 3.029, let V, = 1.01749
V(t) = 1.01749 [¢-0399 _ (3044 -3,029) |
V(1) = 1.01749 |00 — 6073

V(t) = 1.01749 [¢0%8 — 76973 |
- For 0.1 microsecond, we have:
V(0.1,) = 1.01749 [2.719*"015‘0'1 —2.719-°%7 xO.l]

V(0.1p) = 1.01749 [2.7194’-0015 —~2.719 _0.6.073]
V(0.15) = 1.01749 [0.998500 — 0.54473]

V(0.1 = 1.01749 [0.45377]

V(0.1,,) = 0.4617064
Similarly for (1.0 microsecond),
We have:

V(L.0ms) = 1.0174 [2.719*"0“’*1“0 - 2.719‘6'073‘1-0]

V(0.1ms) = 1.01749 [0.9851080 —0.00230055]
V(0.1ms) = 1.01749 [0.98280745]

= 0.99990 ~ 1.00

Att=1.0ms, the voltage (V) is maximum

Then,

At t =50 micro second
or

V() = 1.0174 [2.7197°%% ~2.719°5°73 |

V(50) = 1.0174 [2.719700150 _ 2 7196073
or

V(50) = 1.0174 [2.7197°7 - 2.719°%%%
or

V(50) = 1.0174 [0.4722729 - 0]
or

V(E0) = 1.0174 [0.4722729]

WWW.ijesi.org 12 | Page



A Mathematical Modeling Of Double Exponential Voltage — Waveshape (Impulse Generator) For

or
V(50) = 0.480490

At t =50 microsecond, the voltage is 0.480490, which represent: 48 of the maximum
100

Value (1.00) gives = 8 x1.00 = 0.480
100

Analysis of Determining the Parameter For Voltage Wave Shape Behaviour:
- Condition consideration:

. For certain impulse generator, the impulse capacitance Cj, is farad while, the load capacitance C,, will
vary depending upon the equipment to be tested.
. The ratio of these capacitance, that is (C,/C,) plays, the design role for impulse generator.
. Recalling from our previous equations, of characteristics roots (o and B); equation (29) and (32):
o 1RC, +R,C, +R,Cy (29)
2 R,R,C,C,
or

,_1_RC ___RC
2 RR,C,C, RR,CC,

R2Cl
+—" (92)
RlRZClCZ
azl{ t .t } (93)
2| RC, RC, RGC,

or

P | P R S S Y
2|RC, RC, RC,

- Taking square to both side, we have:
2
ot 1 (o)
4{RC, R,C, RC,
- Similarly, we can also recalled equ. 32 as:

2
5o 1 [[RC,+R,C, +R,C, 4 (32)
2 RR,C,C, R,R,C,C,
- Squatting both side of the equation, we have:
2= 1|(RC,+RC,+RC,) 4
4 R,R,C,C, R,R,C,C,
or
p2= 1[(RC,+RC,+RC, ) 1 4
4 RR,C,C, 4\ RR,C,C,
or
2
B2 = RC +R,C, +RC | 1 (97)
RR,C,C, R,R,C,C,
or

- This means that the roots of the equation (a2 - B%) becomes:
q

Xz—ﬂ2=l( t t ., 1 J—l
4\ RC, R,C, RC, 4

2
( RC,+R,C, + RZClJ L1 )

R1 RZ ClCZ Rl RZC:I(:Z
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Simplifying further, we have:

a’ - p° = 1 (100)
RlRZC:1C:2
or
1 a’ - f? (101)
R1R2C1C2
Simplifying further;
L R,C (az —ﬂz) (102)
RlCZ 21
From our previous equation 49
V(s) = —[f “P_ptemt]  (ag)
2R,C,
or
V(s) = 1 V [g a=pr _ p- (a+ﬂ)t] (103)
R,C, Zﬁ
From equa: (102), substitute, = R2C1(O{2 —,6’2) V(s) =
1~2
V,
ﬂ( i AR (104)

or
2 _ p2
V) =V,R,C, =) Zﬂﬁ )[waﬂ)‘ ey

From Previous equations: (94), (100), (102), (102)

:1[1+1+1} (94)
2| RC, R,C, RC,
a’-pf = 1 (100)
R1R2C1C2
L _RrCf?-p?) (102)
.C,
or
1
RC, = RlCl(az — ﬂz) (102)a
1
=R,C,la® - B? 102)b
R.C, 2 2(05 ﬁ) (102)

Substituting equation (100), (102), (102), (102)a, (102) b into equation (94):
1 1
a3 Rt phe kgt )| G409

22
or

C
But, = S orC,= —- (107)
C, X
% (a? - B2R,C, + 1(: +R,Cy( 2—,82)}(107)
2 2
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_p)|@08)

or
e [ LR YA ﬂz)}(log)
or

( 2—ﬂZ)F22(:1-1+ R,C,(a - 52)+1}(110)

1
2 X R,C,

11/, ) 1 X
o= E{(a -8 )ch{(;+1ﬂ+ chj (111)

or
11 x+1) , 2 X
=—|| — - p°R,C,+—— 1 (113

: R,C,
Multiply equa. (113) by: ———

1/ (x+1) , ) X
“:EHT)( -/ )RZC“RZCJ

X =—X
X X
K_XHJ(&Z ~BRC, + } (114)
X 21
or
RC, 1 RGC
x+1
LN for 7
R,C, + X X% (115)
R,C, X
or
RC L LRE 1o - p2R,c, 1 (116)
X 2 X
or
axReC_1 (RC JRC
X 2\ X
(x+1)fe? - B7)+1 (117)
2
G :%(RZSIJ (X+1)(a2 —ﬂ2)+1
X X

or

WWW.ijesi.org
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X X
or

(B8 (rer - )

+2aR2—Cl+1=O (120)
X

Divide through by: (X +l)(0£2 - ,32) to both side of equation (120).

(chljz (x+2)e?-5°) 2 Ry
x ) (x+1fe?-5?) X
o L +
(x+1)e? - 52)
1
(x+1)fa? - 5?)
or

(qujz o REC 1 N 1 0
X X (x+1)(a2—,82) (X+1)(a2—,32)
or
(RZClJZ_ 2a JRCy 1 o
x ) (x+1fa?-p%) x (X+1)(“2—/32)

2
Zax%=£R2—9] (X+1)(a2 —,32)+1

(131)

2a a a _

(x+1)(oz2 —ﬂz): (X+1)(062 —ﬁ2)+ (X+1)(0‘2 _ﬂz)_

Simplifying further; equa. (123):
R,C, Y 20 R,C, 1 =0
( X j :(x+1)(a2—,82). X +(x+1)(az—,82)
a’T + bt e x + Tc
=0 (123)
We can represent equ. (123) in the form general quadratic equation as:
ax? +bx+C =0

or
[ 2
2a
Where: W
2
. pge(RGY , -2a
X (x+1)e? -
. R.C,
X =x? = , =
X

Substituting the coefficient into the quadratic equation (125).
We have:

<R <x+1>(a2—ﬂ2ﬂi

(123)

(124)

WWW.ijesi.org

16 | Page



A Mathematical Modeling Of Double Exponential Voltage — Waveshape (Impulse Generator) For

2\/ ((x+1)_(ozz?—ﬂ2)f ) (x+1)(;2 -4

2x1
or
R2C1_ 2c + 2a
x  (x+1fa’-p7) (x+1a’ - 57
2 2x1 1
e e
I—2C1_ 2 n 2a .
x  (+tfa®-p7) (x+ D’ - )
1 1
(=)
or
L.C. _ @ + @ - ( ! Jl (129)
x  (x+1fe®-p%) (x+1)fa® - 5?) (x+2)a®-p?))2
or
L.C, 2a

x  (x+1)fa? —,Bz)i

KWXZZ/BZJ(x+1>(12ﬂ2)}%

or
Simplifying further, we have;

RC d { a’ - ! F 131
x  (x+1fa?- %) | (x+2a? - p?) (x+1a®-p?)|2 (131
R.C. a e =+ e - p7))]2 .
X _(x+1)(a2—,82)_{ (x+1)fa’ - 5?) }2 (132)

or
R.C. _ o @+’ -p) 1
x  (x+2e®-p2)| (x+e*-p2) |2
- Similarly, simplifying again:
R.C [a - x+1)(a )]5

X x+1)(a — )

(133)

C
Dividing through equa 134 by: —L both side of the equation:
X

RC sl et g7
X x+1( )
C,

X
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or

1
R.C, _i_ai[az—(x+l)(a2—ﬂ2)]2xi
x G (x+lfe®-p) C,
or
R :i ai\/az—(x+1)(a2—ﬂ2) (136)
e (x+1)a? - 5?)

or

R, :é aix/&:—l)(xﬂ)(az—ﬁz) (137)
et -p)

- Similarly, the value of R, can also be obtained as:

R, = = (x+1) (138)

Cla+ya?(x+1)a? - 5?)
- It is evident, that R; and R, can be real sable, only if:
o —(x+1a’ - 4?)20  (139)

or

a’> (X+1)(a2 —/32) (140)
or
0!2
< x+1 (141)
aZ _ﬂZ
or
2
2,6' 7 > X (142)
a —
or
2
X < %ﬂz (143)

- This means that, in order to release, a given shape in of voltage work, certain values of R; and R, are

_ . : C _ _
required and these values will depend on the ratio of —= which must not exceeds certain value.

2
- These values can be evaluated for different wave shaped by choosing the typical values of o« and 3,
from a give standard table: (IEC)

Table 1.2:
Wave Max Value
0.515 12.168
1/5 3.342
1/40 12.167
1.5/40 45,988
1/50 100.717

- The standard impulse wave shapes lighting
Impulse wave shapes for voltage are:

1.2

5'—0 years and the standard lighting impulse wave shape for currents 80/20 years.

- The switching, lighting impulse withstand test voltage

The flash over strength Vo (KV) is determined by voltage time characteristics of the insulation strings, as:
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710
Where;

D : insulator string length in (m),

t : Elasped time after lighting strike in (us)
Similarly, the lighting current is given by the double exponential equation as:

i(t)=1x(c— o) (145)
Where;

a , B are constants depending on the lighting current wave shape that is, this is the parameter determine the
behaviour of the lighting wave pattern.

Case 1: Analysis 1 Result and Discussion
When, t = 0ms, o = 3.044, = 3.029

Then,

Vi =V, e — g erx ]

Vioms) =Va [2_719—(0.015)x0 _ 2'719—(0.06073><0]
or
Vioms) =Va[1-1]=0

In case 1, of analysis 1,

That is, the time taken before initiation of the voltage at profile t = Oms obviously make the voltage profile also
to be zero (0). This means at the instant of initiation both the voltage profile and time, t are zero.

Case 2: Analysis 2

When, t = 0.1ms, a = 3.044, § = 3.029

Then,
Vig =Vt " = e o
Vioams) = Vs [2_719—(3-04*3-029%0.1 _ 2_719—(3.0443.029)@_1]
Vioams) = Vs [2_719—(0-015%0-1 _ 2_719—(3.0443.029)@,1]
V(O.lms) = Vn [2-719_0'0015 — 2.719_0'6073]
or
Vio1ms) =V, [0.998500 — 0.5x 473]
or

Vio.ms) =V, (0.45377)

In case 2, of analysis 2,

Thus, the time taken, t = 0.1ms is the time it will take to develop voltage profile to reach about 45% of its
voltage magnitude of V,. In order to determine the check whether the developed voltage magnitude not
matching the installed substations level voltage.

Case 3: Analysis 3

When, t = 0.5, o = 3.044, B =3.029

Then,
Vi =V, | = rlerx]
V(0.5ms) =V, [2.7197(3'04*3'029%0-5 — 2_719*(3-044+3.OZQ><0_5:|
or
V(o,sms) =V, [2.719’(0-015%0-5 _ 2.71976.073&0.5]
or
Viosms) =Va [2.71970'0075 - 2.719’3'0365]
or

Viosms) =Va[0.9925260 —0.0479641]
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Viosms) =V, [0.94456]

Thus, in case 3 of analysis 3 the time taken, t = 0.5ms is the time it will take to developed the voltage profile (?)
to reach about 95% of its voltage magnitude of V,..

Case 4: Analysis 4

When, t=1.0, a. = 3.044, B =3.029

Then,

Vi =V, e —ptein ]
Viroms) =Va |2.719 0199 _2 719-(607910
Vit.oms) =V, [0.985100 - 0.00230055]

Vioms) = Va[0.982799]

In case 4 of analysis 4

Thus, the time taken, t = 1.0ms is the time it will take to developed the voltage profile to reach about 98.2% of
its voltage magnitude of V,,.

Case 5: Analysis 5

When, t=1.5, a = 3.044, B =3.029

Then,
V(t) =V, [g—(a—ﬂ)t _g—(a—ﬂ)t]
Vipsm) = Vo [2.7197(0019195 _2 7197607313 |
or
V(1.5) =V, [2.719_0‘0225 — 2.719—9.1095]
or
Vi) =V,[0.977745-0.000110344]
or

Vi) =V,[0.977745-0.000110344]

Vis) =V,[0.97763]

In case 5 of analysis 5 thus, the time taken, t = 1.5ms is the time it will take to developed the voltage profile to
reach about 97% of its voltage magnitude of V,.

Case 6: Analysis 6

When, t=2.0, a. = 3.044, B =3.029

Then,

V(t) =V,
V(Z.Oms) = Vn [2-719_(0'015)X2'0 — 2_719—(6-073)><2.0]

Vipoms) =V, [2.71970% —2.71974214¢]
Visom) =V, [0.9704378 -0.000052925]

or
V(Z.Oms) = Vn (097043)

In case 6 of analysis 6 thus, the time taken, t = 2.0ms is the time it will take to developed the voltage profile to
reach about 97.04% of its voltage magnitude of V.

Case 7: Analysis 7

When, t = 2.5, a = 3.044, B =3.029

Then,

Vip=Vs [E Hapk _ plap) ]
V(2_5ms) :Vn [2_719*(0-015)><2.5 . 2_7197(6.073)@5]

[f e _ g—(a—ﬂ)t]

or

V(2.5ms) =Vn [2-71970'0375 - 2.719715-1825]
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Viz5ms) =V, [0.9631848 — 0.00000025385]
or
Vizsms) =V, (0.96318)

In case 7 of analysis 7 hence, the time taken, t = 2.5ms is the time it will take to developed the voltage profile to
reach about 96.31% of its voltage magnitude of V,.

Case 8: Analysis 8

When, t=3.0, a. = 3.044,  =3.029

Then,
V(t) =V, [g—(a—ﬁ)t _g—(a—ﬂ)f]

V(3 oms) =V [2 719—(0.015)><3 _ 2.719—(6.073)@]
V(30ms =V [2 7197004 2.719_18'219]
Viaoms) = V,[0.955986 —0.0000000021175]

Vizoms) =V, (0.9559)

In case 8 of analysis 8 thus, the time taken, t = 3.0ms is the time it will take to developed the voltage profile to
reach about 95.56% of its voltage magnitude of V.

Case 9: Analysis 9

When, t = 3.5, a. = 3.044, p =3.029

Then,
V(t) =V, [g—(a—ﬂ)t _g—(a—ﬂ)f]

Viasms) =V, [2 7197001935 _ 2_719—(6-073)x3.5]
Vissms) =V, [2 719700529 2_719—(21.2555)]

Vis.ms) = V,[0.94884 — 0.00000000058400]
or
Vigsme) =V, (0.9488)

In case 9 of analysis 9, this shows that the time taken, t =3.5ms is the time it will take to developed the voltage
profile to reach about 94.88% of its voltage magnitude of V,,.

Case 10: Analysis 10

When, t = 4.0, o = 3.044, B =3.029

Then,

Vi =V, |eex - pler|
Vigom) =V, [2.7197 0019 2 719 6079

Vigoms) =V, [2.71970% — 2719724252

or

Viqons) =V, [0.94174 - 0.00000000000280]
or

Vioms) =V, (0.94174)

In case 10 of analysis 10 evidently, this means the time taken, t = 4.0ms is the time it will take to developed the
voltage profile to reach about 94.17% of its voltage magnitude of V.

Case 11: Analysis 11

When, t =4.5, a = 3.044, B =3.029

Then,
Vi =V, |e* - g-lerk]
V(45ms =V [2 719-(0.015%45 2l719—(6.073)x4,5]

Vs =V, [2.71970%675 - 2719273259
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or
Vissms) =V,[0.9347110 —0.000000000001343]

Viasms) =V, (0.934711)

In case 11 of analysis 11, essentially, the time taken, t =4.5ms is the time it will take to developed the voltage
profile to reach about 93.47% of its voltage magnitude of V,.
Case 12: Analysis 12
When, t=5.0, o = 3.044,  =3.029
Then,
V(t) =V, [g—(a—ﬁ)t _g—(a—ﬂ)f]
Visoms) =V, [2.719°0 2 71960795 |

V(S.Oms) :Vn [2-719_0'075 — 2.719_30'365]

or
Visoms) = V,[0.927725 —0,0000000000000644]or

Visoms) =V, (0.927725)

In case 12 of analysis 12, significantly, the time taken, t = 5.0ms is the time it will take to developed the voltage
profile to reach about 92.77% of its voltage magnitude of V.

111 Results

Evidently, the time taken by the initiation of voltage magnitude is plotted in matlab platform, the time
required to develop voltage magnitude increase periodically with time while the voltage magnitude profile also
increase and decrease down to zero. This show that the impulse voltage wave form, which is without
appreciable oscillation rises rapidly to a maximum value and fall or collapse back rapidly to zero. The maximum
value is the peak value of the impulse voltage and it is specified by this value.
% calculation of Double exponential voltage
%clc;
strt=0.00;
step =0.10;
End =1.00;
t =strt:step:End;
t;
x1=-0.015*t;
X2 =-6.075*t;
vn =1.01749;
k =exp(x1)- exp(x2);
vt=vn * k;
Vi,
plot(t,vt);
box on;
grid on;
axis on;
xlabel('(t)");
ylabel(" v(t) ");
title( 'graph of t vs v(t)");% display chart title

% calculation of Double exponential voltage
%clc;
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strt=0;

step =0.5;

End =5;

t =strt:step:End;

t;

x1=-0.015*t;

x2 =-6.075*t;

vn =1.01749;

k =exp(x1)- exp(x2);
vt=vn * k;

vt;

plot(t,vt);

box on;

grid on;

axis on;

xlabel('(t)");

ylabel(" v(t) ");

title( 'graph of t vs v(t)");% display chart title

IV Conclusion

This paper presents a mathematical model describing the behaviour of a double exponential voltage
waveshape of an impulse generator using Laplace transform techniques. An impulse voltage is a unidirectional
voltage which without appreciable oscillations rises rapidly to a maximum value and falls more or less rapidly to
zero. If an impulse voltage develops without causing flash over or puncture, it is called “full impulse voltage”; if
a flash over in puncture occur, thus causing a sudden collapse of the impulse voltage, it is called the ‘chopped
impulse voltage’. The developed model can be used to study the performance of the lighting overvoltage of
either high voltage or middle voltage in transmission stations/substations etc. In order to predict worst or
effective lighting protection at all time.

Because, it is very pertinent to consider many variables including the grounding resistance, the
installation position of surge arrestors, the length of underground cables etc. That is all this factors influence
significantly the lighting performance in substation (transmission line etc.).

Evidently, effective surge protection involves the integration of several ideas such as: eliminate earth
loop and differential by creating an equipotenital earth system under transients conditions and protects
equipments from surges and transient on in coming power lines, telecommunications and signals line etc. This
paper provide the model equations to monitor the activities of exponential voltage wave-shape which can be
very useful to practicing engineers and electric power utilities for an effective improvement of lighting
performance in substations.
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