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I. INTRODUCTION
Let A denote the class of functions of the form

f(z)=z+> az, a =0, (1.2)
k=2

which are analytic in the open disc U = U, .

Let S be the subclass of A consisting of functions which are univalent in U. We denote by s’, C,

K and C’ the familiar subclasses of A consisting of functions which are respectively starlike, convex, close-to-

convex and quasi-convex in U. Our favorite references of the field are [1, 2, 3] which covers most of the topics
in a lucid and economical style. The concept of starlike functions and convex functions were further extended as

follows:
. { _ [zf’(z)] }
S(a)=4yfeA:Re| ——=|>a,2e Uy, (1.2)
f(2)
C(a)z{f eA:Re(l+ Zf,(z)j>a,ZeU}. (1.3)
f (2)

We note that

f eCla) = f €S (a), (1.4)

where S” () and C(ex) are respectively, the classes of starlike of order ¢ and convex of order ¢ in U. (see

Robertson [4]).
Similarly, close-to convex functions and quasi-convex functions were further extended as follows:

K(e, B) = {f eA:Re (%}>a, geS’(B), ZEU}, (1.5)
Z
Let A be the class of functions analytic in the open unit disc U ={z:| zI< L} of the form

f(z)=2"+>a,,2" (p=1) (1.6)
k=1
and let A =A.
A function f(z) e A is said to be K - uniformly p - valent starlike of order 5(—p <o< p),
k>0and z € Udenoted by k —UST ( p,5), if and only if

Re{zf'(z) _5}2 y 7f (2) p‘
f(2) f(2)
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A function f(z) €A, is said to be k - uniformly p - valent convex of order S(-p<s<p),

k >0and z e U denoted by k —UCV (p,5), if and only if
Red1+ 2D _slo i 2@,
f(2)

f'(2)

For the functions f (z) of the form (1.6) and g(z) = z" +Zbk+pzk+p,the Hadamard product (or
k=1

convolution) of f and g is defined by

(f *g)(z)=2z" +Zan+p o 20

Let f(z)and g(z)be analytic in U . Then we say that the function f (z)is subordinate to g(z)in
U, if there exists an analytic function w(z)in U such that| w(z) |<| z|and f(z)=g(w(z)), denoted by
f(z)<g(z). If g(z) is univalent in U , then the subordination is equivalent to f(0)=g(0) and
f(U)cg(U).

Differentiating both sides of (1.6), q times with respect to z

= (k+p)!

f(q)(z) pq+z k+p q | k+p

(p_ Z<a (1.7)

(p=Lgel,=0U0;p>q).
We show by Ap (q) the class of functions of the form (1.7) which are analytic and p - valentin U .

Using the Salagean derivative operator [5], recently Halit Orhan [6] defined the function class as
follows:

p! 2P0 4 N (k+p—q)”(k+p)!a 74+Pa

D"f9(z) = - a, (1.8)
(p-q)! = (p-q) (k+p-q) "
Let Tp denote the subclass of f € Ap consisting of functions of the form
f(z)=2"->a,,2" (p21 and a,, >0), (1.9)
k=1

which are p -valentinU .

I1. DEFINITIONS AND PRELIMINARIES
Definition 2.1: For any non-zero complex number A, 0 <« <land >0, a function f eAp is said to be

in the class AP (,B,/I,a) if and only if it satisfies the following condition:

Re{w_(ﬁ_l)}>lg|w_i

+a. 21
D" (2) D" (2) “ &1

Remark 2.1: By specializing the parameters we get the following well-known results:
(1) If we let q =0, then the above inequality (2.1), reduces to

Re{w—(l—l)}>ﬂw—/l‘+a
D" (2) D" (2)

(2) If we choose =0, 2 =2, p=21and N =L1in (2.1) then the function class A’ (,B,l,a)
reduces to the class g-UCV (a)of functions f € A satisfying the condition
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7f'(2)) 7f'(2))
JE@) | @)
f(2) f(2)
The class s —-UCV (o) was introduced and studied by R. Bharathi et. al. [7].
Also we define the class T "9(8,1,a) by

T2 (BAa)=A (BAa)NT,.

Motivated by the concept introduced by Halit Orhan [6] and various authors in [8, 9], we introduce the
new subclass of analytic p - valent function using Salagean operators. We obtain coefficient estimates,

distortion bounds and radii of starlikeness for the above said function classes.

I11. SUFFICIENT CONDITION
In this section, we find the sufficient condition for our function class T (B Ae).

Theorem 3.1: A function f(z) defined by (1.9) isin T ”9(3,4,«)if and only if

> [@-a)+ 2+ pp-0)*] v, - % @)
(k+p-q) (k+p)!
(p-a) (k+p-a)!
Proof: By definition f(z)eT, ™ (,B,l,a) if and only if the condition (2.1) satisfied. Using the fact that
Re{Aiw—(A-1)} = BlA(W-1)|+«
= Re{(ﬂw—(l—l))(l+ﬂeig)—ﬁeig} >a, -rm<0<mr. (3.2)
Using (3.2), equation (2.1) can be written as

Re {L‘“q)(z) g —1)](1+ pe)- ﬂeig} >a,

where (k) =

D" @ (z)
equivalently,
AD™ @ (z)—(A-1)D"f @ (2) oy Pe’D O (z)
Re{[ an(q)(z) (1+ﬂe6)—W > . (3.3)

Let G(z) =[ AD™ @ (2) - (A-1)D"f () |(1+ e ) — fe”D" f ¥ (z) and let H(z) = D" (2).
Then the above equation is equivalent to
IG(2) + - a)H(2)| >|G(2) - L+ @)H(z)], for 0<a<l.

For G(z)and H(z) as above, we have

2- : N k+p—q
G(2) +(1-a)H(2)| = %zp'q —Z[(Z—a)+/1k(p—q)'1]y/(k)ak+pz
ey k(p-0) W ()a,, 2
2— TR 1 k+p—q
zﬁm S [@-a)+ k@ Y- Jw ke, |2
Similarly, _
G(2) - 1+ a)H(2)| <%|Z|M +i|:a—/1k(1+,b’)(p—q)’l] wk)a,,, |z "

Now

IG(2) +(1L-a)H (2)|-|G(z) - (1+ 2)H (7))
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2(1 a)p | |p q pa S .

= 23 [@-a)+ ak@+ B)p-a)* w(k)a,., |2

Or equivalently,

= 1-a)p!
S[-a)+ K@+ BYp-a)* Jy(0a,,, < L2
= (p-a)!
which is the required assertion of the Theorem 3.1.
On the otherhand, we must have

AD™ @ (2) . ,

Red| ————2—(A-1) |(1+ B’ )- Be” > a, —-r<0<n.
{( Dn f (a) (Z) ( )

Upon choosing the values of z on the positive real axis where 0 < |Z| =r <1, the above inequality reduces to

(1-a)p! & Ak+(1-a) e ) k
k k+p -1 k — k o
Red (P—0)! ; (p— ) vika pe Z (p—a) w(ka,,r .

_Z‘/j( ) k+p

(p- Q)I k=1
)= —‘em‘ =—1, then the above inequality gives

Since Re(—e"

(1-a)p! z’“”a ), w(K)a,, r* +/we""zk(p ) w(Ka,,,r

Re (p_q)! k=1 (p_ ) k=1 > 0.
-2 w(k)a,,
(p q)' ; o
Lettingr — 1, we get the desired result. O
Finally, the function f(z) given by
1- !
f(z2)=2"- d-a)p - A (3.4)
(P-)![ @-a)+ k(@+ B)(p-a)* |y (k)
is an extremal function for the assertion of the Theorem 3.1.
Corollary 3.2: If f (2) e T,”* (B, 4,), then
1— ]
A-a)p! (3.5)

ak+p -1
(P-0)![ @-a)+Ak@+ B (p-a)* Jw(k)
Equality being attained for the function f (z) given by (3.4).

IV. GROWTH AND DISTORTION THEOREMS
Theorem 4.1: Let the function f(z) defined by (1.9) be in the class T " (,B,ﬂ,a). Then for |Z| =T, we
have

1l-oa)p!
(- A-a)+ 20+ B)(p-0) " |y (@)

r’ +

P r* <|f(z) < (4.1)

(1_(1) p' r.p+l.
(- A-a)+2a+B)(p-0) " |y (@)
Proof: Giventhat f(z)in T,”*(,4,«), from the equation (3.1), we have
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[a-a)+ 20+ A (p-0) " Jr®Y 4., < X[ A-a)+ K+ A(p-0)* Py,

_-a)p! 2
(p—q)!
which implies
> 1-a)p!
a,., < — a,.,. (4.3)
Z (P-[A-a)+2A+B)(p-0)" [y
Using (1.9) and (4.3), we obtain
|f(2) <] +iak+p 2[?
<rP +iatk+prk+p (4.4)
<rfy (L-a)p! rP,
(P-9)[A-a)+ 2@+ B)(p-0)" v
Similarly,
(1_a) pl +1
f(z)|>r" - - r’ (4.5)
1@ (p-[A-a)+ 20+ B)(p-0a) " |y (@)
O

which proves the assertion (4.1).
Theorem 4.2: Let the function f (z) defined by (1.9) be in the class T ** (,B,/La) . Then for |z| =r, we have

PPl (1-a)p'(l+ p) - rP S|f/(Z)|S
(P-o)! @-a)+ A0+ B)(p-a) " [w(@)
pret o+ A-a)p!d+p) : P
(P-)[A-a)+2A+B)(p-a)" v @)
(4.6)
Proof: We have
f'(z) = pz°* +i(k +pla,,, 2", (4.7)
which implies -
[t'@)| < plz” + D (k+ pa,, |2
< prft +i(k +pla,, ,r (4.8)
< rp—1+ (1—a)p!(1+ p) - rp_
(=) A-a)+ A+ B)(p-0a)" Jy @)
Similarly, we get,
: 4 d-a)p!@+p)
f'(2)|=pr" - - re. (4.9)
@) (P-)[A-a)+ 20+ B)(p-0a) " |y (@)
This completes the proof of Theorem 4.2. 0
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If we let n = 0in the above results, we get the following corollary:
Corollary 4.3: If f e T,**(8,4,&), then for |Z| =r,
o (-a)p-a)p-q+D)

A-a)(p-a(p-a+) .
[-a)(p-a)+ 22+ )] (P+D)

[A-a)(p-a)+ 2+ A)](p+D)

rt< |f(z)|<r”+

and
i (-a)(p-9)(p-q+)

A-a)p-a)(p-a+D)
[a-a)p-a)+ 2+ )]

[A-a)(p-a)+ 2+ B)]

pr r < [f'(@)|<prPt+
If we let g =0 in the above corollary, we get
Corollary 4.4: If f e T,*" (8,4, then for |z| =r,

re— d-a)p rPt<|f(2))<r’+

[A-a)p+ A+ B)]

(1_a)p r.p+1
[A-a)p+A(1+B)]
and
A-a)p(p+1)

(L-a)p(p+1) o
[A-a)p+ A1+ B)]

[A-a)p+ 21+ )]

prot — r*<|f'(z)| < pr"t+

V. Radii Of Starlikeness, Convexity And Close-To-Convexity
In this section, radii of close - to- convexity, starlikeness and convexity for the function class

T.9( B, 4.« ) are discussed.
The real number
r'(f)=sup{r>0/Re(k(z))> p forall ze U, }

zf'(z
( ). Note that
Z

is called the radius of starlikeness of order p of the function f whenk(z) =

r;(f) =1, (f) is in fact the largest radius such that the image region f (U:(f)) is a starlike domain with
respect to the origin. Similar definition is used to define radius of convexity and close to convexity by

zf"(2) and f'(2)

f'(2) 9'(z)
problems, we refer to [10, 11, 12, 13, and 14].

equivalently replacing k(z) with 1+ respectively. For the study of various radius

Theorem 5.1: Let the function f (z) defined by (1.9) be in the class T,”* (8,4,«). Then f(z) is

p - valent starlike of order (0 <o <1) in |Z| <R, where

1

1-a)+ k(1 —q)™* [(p—q)lw(k _ [
&:"ﬁ{ﬂ a)+2k(1+ A)(p-a)™ |(p mu4>x( p-o n} Geu, 61
k21 (1-a)p! k+p-o
where, (k) = (k+ p—nq) (k+ p)!.
(p-a) (k+p-aq)
Proof: Given f eT,”*(B,4,)and f is starlike of order o, we have
zt'(z) B
S p‘ <p-o. (5.2)

For the left hand side of (5.2), we have
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0

k+ > k
Zf!(z)_ ‘_ pzp_kZ:];(ker)ak-f—pZ ’ _p - kZ:;kak+p Z|
f@) 2’ ->a, 1" 1->a. |
k=1 k=1
The last expression is less than (p—o) if
> ka,., |7
& <p-o,
1->a,., 2[f
k=1
which implies
ZMamp Z|k <1.
k-1 P—O
Using the fact that, f e T.”*(8,4,a)ifand only if
i[(l—a)+/1k(1+ﬂ)(p—q)l](p—q)!l//(k)ﬂ
= (1-a)p! e T
We can say that (5.2) is true if
K+ Do) [ @-a)+2k@+ B (p-a)* |(p- )ty (k)
p-o B 1-a)p! .
:Mk<[(1—a)+zk(1+ﬂ)<p—qfl](p—q)!w(k) p-o
N (1-a)p! k+p-o)
The last inequality leads us immediately to the disc |Z| <R,,where R, is given by (5.1). O
Theorem 5.2: Let the function f (z) defined by (1.9) be in the class T.”*(8,4,). Then f(z) is
p - valent close - to - convex of order o(0 <o <1) in |Z| <R,, where
1
1-a)+ Ak(@1+ —a)" |(p—a)'w(k pn
R inf [a-a)+ 2@+ p)p-a) [(P-D)y(K) (p-o cew, 69
k21 1-a)p! K+p
k+p—q) (k+p)!
where,x//(k)z( P nq) ( p) .
(p-a) (k+p-q)!
Proof: Given f eTnp‘q (ﬂ,/i,a) and f is p - valent close - to - convex of order o, we have
f'(z
For the left hand side of (5.4), we have
ST L) M (S ) S
_ k
= _ ‘: k=1 = _pgkzzl:(k—k p)ak+p Z| .
The last expression is less than (p —0') if
S(k+pla.,lz <p-o
k=1
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which

Using

implies
=k + P K
> a,, |7 <1.
k=1 P—O
the fact that, f e T "*(8,4,a) ifand only if

= [ (L-a)+Ak(@+ B)(p-a) " J(P- @)y (K)

2

k=1 (1-a)p! e

We can say that (5.4) is true if

4 [@-a)+2k@+ B (p-a)" |(p- )ty (k)

p-o 1-a)p!
:MKS[(l—awk(lw)(p—q)1](p—q>!w(k) p-o
l—a)p! k+p
The last inequality leads us immediately to the disc |Z| <R,,where R, is given by (5.3). O

Theorem 5.3: Let the function f (z) defined by (1.9) be in the class T "¢ (,B,/l,a). Then f(z) is

p - valent convex of order o(0< o <1) in |Z| < R,, where

R. =inf

3

where, (k) =

Proof:

[@-a)+ 2@+ A)p-a) J(P-Dw®) ( p(p-o) ‘
(t-a)p! (k+ p)(k-+ p-0)
(k+p—q) (k+ p)!.

(p-a) (k+p-0)!

To prove (5.5), it is sufficient to show that
zt"(2)
+— —
f'(2)

(zel), (5.5)

<l-o.

The proof is omitted, since we use a similar proof of Theorem 5.2. 0
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