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Abstract: This paper deals with state estimation on a pressurized water pipe with non-constant physical 

parameters modeled by nonlinear coupled distributed hyperbolic equations for non- conservative laws with 

three known boundary measures. Our objective is to estimate the fourth boundary variable and to evaluate its 

sensitivity with respect to the non-constant physical parameters of the pipe. 
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I. INTRODUCTION 
Supervision of physical transport plant has been an active research topic in recent years and water 

distribution network (WDN) monitoring is a major concern (See e.g (Andersen, 2000), (Preis, 2011)). Indeed a 

water distribution network is a set of interconnected physical components (pipes, pumps, tanks and valves) with 

the mission of supplying required water flow under sufficient pressure for various load conditions. 

The real-time knowledge of the network state is essential to improve the efficiency rate of the network 

which is usually around 75% mainly due to leakages (Salvetti, 2013). For that purpose, WDN are equipped with 

flow and pressure sensors at certain nodes. Due to cost reasons and physical constraints, it is not possible to 

implement sensors in every node.Flow and pressure measures are available at certain boundaries in a WDN.  

Thus, unmeasured quantities should be estimated to provide useful information for network supervision and 

management. 

The pressurized pipes of a WDN are relatively long to consider a one-dimensional flow movement 

modeled by nonlinear coupled distributed hyperbolic equations derived from the non-conservative laws in 

(Chaudry, 1979). Furthermore, pipes are characterized with non-constant physical parameters which affect the 

flow variables.  

The conventional approach is to approximate partial differential equations (PDEs) operating in a 

functional infinite dimensional space to ordinary differential equations (ODEs) in a finite-dimensional space 

through a differentiation operators (Navarro, 2012), (Guillen, 2014). The advantage of such approach is to give 

access to many techniques well developed for observers design in finite dimension.  

In this paper, an exponential boundary observer for the discretized systemwith non-constant physical 

parameters is proposed. The Lipschitz property of the nonlinear term and Linear Matrix Inequalities (LMIs) 

techniques are used to prove the Lyapunov stability of the estimation error and the exponential convergence of 

the proposed observer.The efficiency of the observer is shown with non-constant physical pipe parameters.  

This paper is structured as follows. Section II describes the mathematical model of a pressurized water 

pipe. Section III deals with observer design and stability analysis of error equation. Simulations of the 

estimation on a pipe with non-constant physical parameters are shown and discussed in section IV. Finally, 

conclusion and further work are given in Section V. 

 

II. Problemstatement 
We consider an isothermal flow of a slightly compressible fluid in a non-deformable pipeline with 

constant cross-sectional area A . The pipe wall friction  z is assumed to be variable along the pipe and the 

wave speed a to be large compared with the flow velocity. Further we assume that the length L of the pipe is 

sufficiently large compared with the pipe internal diameter D . Applying the mass and momentum balance 

conditions to an elementary volume for a one-dimensional gradually varied flow, we get two first order 

nonlinear coupled hyperbolic PDEs to model the pipe flow (Chaudry, 1979) 
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Where  0,t  is the time,  0,z L  is the curvilinear coordinate along the pipe, is the pressure drop 

and  ,Q t z is the volumetric fluid flow.  z  is the pipe slope supposed which to be a known
1

C function.  is 

the water density and g is the gravitational acceleration. t (resp. z ) stands for derivative w.r.t time (resp. to z ).   

We suppose that we measure three time-varying boundary conditions of (1):  ,0p t ,  , 0Q t  and  ,p t L . 

In the following,  ,0p t and  ,0Q t are considered as the inputs of the system and  ,p t L as the output, 

      ,0 , ,0u t p t Q t   (2) 

   ,y t p t L  (3) 

Our objective is to design in healthy conditions an observer to estimate the non-measured state  ,Q t L which 

will be noted  ˆ ,Q t L .  

 

III. Observer Design 
Let us define,   
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Next, consider the forward and backward spatial discretization by finite differences of matched states  ,P t x

and  ,Q t x at x L , 
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Substituting (6) in (1)-(3), we get  
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Since
12

2

 0
a

AL


   ,  , E  is an observable pair thus the observer can be designed. 

This observer is built as a copy of the system (7) with a correction function of the output estimation error  
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is the observer gain to be computed  in order to guarantee the stability of the estimation error 

   ˆ( , ) , ,e t L t L t L   (10) 

Contributions are largely devoted to such observer structure. Commonly knownare the non-

constructive Thau’s method (Thau, 1973), the iterative constructive method proposed in (Raghavan, 1994) and 

the direct computation of observer gain by solving LMIs developed in(Shauying, 1975), (Rajamani, 1998). In 

 ,p t z
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the following described method (Idellette, 2015), an exponential term is added to the aforementioned works and 

the Lyapunov stability of the estimation error is proven using LMIs theorems. 

 

Theorem 1 
Consider system (1)-(3) written in form (7) and observer (9).  If the observer gain  is chosen such that the 

following inequalities holds 

2

0

T T T NN E N N N E P M

IN

  



      




 
 
 

                          (11) 

with ,M ,N  such that 

2 0

0,  0

0, 

0, 

T

T

N N N

I M

M M M







 












 



 



                                                                                     (12) 

then the estimation error (10) tends exponentially to 0 when t  tends to infinity. 

Proof of theorem 1 

The dynamic state estimation error is  

             ˆ ˆ( , ) , , + , , ( ) , , ( )  e t L t L t L E e t t L u t t L u t           
  (13) 

 

Note      ˆ, , ( ) , , ( )  t L u t t L u t       .  is Lipchitz with respect to   i.e. there exists a constant 0   

such that the following inequality is satisfied   

          22

2 2
ˆ ˆ, , ( ) , , ( ) , ,t L u t t L u t t L t L        

LL
                                     (14)  2L

 r 

represents the 2-norm (Boyd, 1994).  In the following, for sake of  clarity, the notation, we use is  r. 

Let define V be a Lyapunov function candidate,    

    ; 0
T T

V e Ne N N                                                                                               (15) 

According to (Idellette,2015), the dynamic error is exponential stable if   0,V V   where  0  , 

 T T T T T T T T T
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 Consider the following inequality [16]  
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Arranging (16) with (17) we get  
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Knowing that   
2T

      and
2 2

e   ,   (19) 

equation (18) turns into    
2

0
T
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It can be easily proved  (Boyd, 1994), that there exists a matrix  0 ;   
T

M M M M  such that, 
 

  
2
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and   
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Applying (21) to (22), we have 
2T

e Me e                                                                                                        (23)  

From (20) and (23), we obtain:    
2T T

e Re e Me e                                                                                    (24) 

  is chosen by solving the following Linear Matrix Inequalities (LMIs) 
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 With Schur complement, we get (11)-(12).  This proves theorem 1. 

 

 

IV. Simulation Example 
The efficiency of the observation scheme is shown in simulation on a pipe with constant parameters 

presented in Table 1 and later with non-constant physical pipe parameters are considered. Parameters are 

collected from one pipe (Fig.1) of the WDN located at  the University of Lille campus  so called ‘Cité 

Scientifique’.   

 

 
Fig. 1. View of pipes 

 

Table1. Simulation constant parameters 

Parameter Symbol Value Unit 

Pipe length   (m) 

Internal cross-section   (m
2
) 

wave speed   (m.s
-1

) 

Friction coefficient   / 

Slope   / 

Gravitational acceleration   (m.s
-2

) 

Density   (kg.m
-3

) 

 

We have considered
3 3( , ) 8.17 10 /Q t L m s   and 

5( , ) 1.33 10p t L Pa  as input of the 

system. Inlet pressure measures are depending on the value of the slope as it is shown in Fig2. 

The estimated outlet flow rate converges exponentially to desired value in case of zero slope. The value of slope

 affects the outlet flow rate which decreases due to the gravity (Fig 3). 

 

 
Fig. 2. Inlet pressure measured The estimated outlet flow rate converges exponentially to desired 

value in case of zero slope.The value of slope   affects the outlet flow rate which decreases due to 

gravity (Fig 3). 
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Fig 3. Estimated outlet flow rate  ˆ ,Q t L  

 

Next, we have considered non-constant physical pipe parameters (Table 2). Functions A(z),  

and   are modeled as step functions characterizing respectively the internal cross-section, the 

roughness and the topography of the pipe.Each function  is written as a finite three linear 

combinations of indicator functions of disjoint intervals, 

                                                                        

(26) 

 

 
 

The value of  is obtained by using a lookup table which depends on the type of pipe, the age of pipe, 

the nominal pressure and water hardness [11]. We suppose here that the last 26.49 m of the pipe have been 

changed, which justifies the different values of  z . 

Different cases are simulated: , , . 

First, one physical parameter is fixed, here the cross-section  and others can either be or not function of .  

Associated configurations are shown in Fig4. PDE boundary observers converge to the corresponding desired 

values. 

 

 
Fig.4.  ˆ ,Q t L with   , ,A z  ,   , ,A z  and     , ,A z z   
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The estimated outlet flow rate converges exponentially to the desired value in case of a zero slope. The value of 

the slope  affects the outlet flow rate which decreases due to gravity (Fig. 4). 

 

V. Conclusion 
Anonlinear observer state estimation on a pressurized water pipe with three known measures at boundary, based 

on LMI tools has been addressed.  An exponential Lyapunov function is used to prove the stability of the error 

equation.   

    Simulations have been carried out for non-constant physical parameters water pipe prototype. Results have 

shown the effectiveness the proposed approach. The observer may be used to detect a leakage in the pipe using a 

reduced number of sensors. Moreover, the observer may alsobe easily extended to localize the leakage in the 

pipe if the four boundary conditions are measured. 
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