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ABSTRACT :To solve the problem of train sliding caused by unreasonable braking force distribution in high-

speed train braking process, it presented a vehicle braking force distribution algorithm in the paper. Firstly, a 

high-speed train dynamic model of the coupling force between trains and running resistance was established. 

Secondly, a sliding mode controller was designed to solve the longitudinal target braking force of the train. 

Finally, quadratic programming was adopted to solve the objective function further by establishing the objective 

optimization function using adhesion utilization, taking the two constraints (i.e., adhesion limit and passenger 

ride comfort) into consideration. It could be concluded based on the results of the simulation experiment that, 

the optimized control algorithm in this paper could ensure that each car was running well after the braking 

force was distributed. 
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I. INTRODUCTION 
A high-speed train is provided with braking force by its several carriages. The effective exertion of the 

braking force depends on the adhesive force formed when the wheel comes in contact with the rail [1].In 

practice, the braking force exerted by a high-speed train should be less than the designed maximum adhesive 

force between the wheel and the rail; otherwise, the train will slide [2]. If the train slides, it will lead to a loss of 

braking force, further resulting in cascading failures, and the train may even be forced to stop [3]. As the 

braking state of each carriage is different, the braking force borne by each carriage also varies. Therefore, the 

research on a reasonable and effective braking force distribution strategy is of great significance to improve the 

braking efficiency, shorten the braking time, and ensure the safe operation of high-speed trains [4]. 
With the aim of solving the problems regarding high-speed train braking force distribution, experts at 

home and abroad have conducted a variety of research. Zhu et al. (2013) [5] used electro-pneumatic braking 

priority control principle in Electric Multiple Unit, and distributed the air braking force required by the trainer 

and the motor car based on the inverse ratio of the load. An optimized control strategy was proposed to further 

effectively reduce the wear of the trailer wheel and brake shoe. On the basis of the requirement of tramcars to 

ensure traction/braking force in different operation states, Li et al. (2020) [6] proposed a braking force 

distribution method in which the electric braking is the prior condition and combined the mechanical 

characteristic curve of traction motor. To solve the problem related to the short driving distance of electric 

vehicles, Ma ZW et al. (2020) [7] proposed a braking energy recovery strategy based on the ideal distribution of 

braking force. Besides ensuring both braking efficiency and braking stability, a braking energy recovery system 

was proposed to effectively realize the autonomous braking function under different braking conditions. Zhu et 

al. (2020) [8] proposed a multi-target optimized regenerative braking control strategy to improve the braking 

performance and regenerated energy of electric vehicles. This strategy could effectively improve the braking 

comfort and battery life without reducing the recovery energy. This strategy could effectively improve the 

braking comfort and battery life without reducing the recovery energy. In the abovementioned studies on the 

distribution of braking force, the main focus was on the theoretical control strategy. However, no in-depth study 

has been conducted on the weight of each carriage in the whole train, the adhesion restriction of each carriage, 

and the ride quality of passengers. 

Aiming to solve the abovementioned problems, He et al. (2018) [9] proposed an optimal allocation 

algorithm of air braking force by taking the maximum value of total adhesion utilization as the objective 

function and the adhesion restriction as the constraint condition. The simulation result showed that their 

algorithm was superior to the traditional load ratio allocation algorithm. However, after a high-speed train is run 

safely and reliably and parked within a specified distance, the comfort of passengers should also be ensured [10]. 



Study on Brake Control for High-Speed Train Based on Optimal Distribution of Braking Force 

DOI: 10.35629/6734-1002012130                                      www.ijesi.org                                                  22 | Page 

In the existing research, longitudinal acceleration is usually used as the key index to evaluate ride comfort. To 

comprehensively measure the comfort of passengers, Ma HR et al. (2020) [11] proposed a combined fuzzy set 

model in which the measured acceleration data were used to verify and optimize the proposed model. Their 

result showed that the model could provide an alternative method for the train control system to measure ride 

comfort. González et al. (2016) [12] proposed a new velocity curve generator to improve the comfort of 

automatic vehicles by restricting the overall acceleration in the whole driving process. Their result showed that 

the smoothness of the acceleration curve could be significantly improved. Therefore, adhesion restriction and 

ride comfort are the constraints to be simultaneously considered for a high-speed train braking system. 

This study proposes an optimized distribution algorithm of vehicle braking force in consideration of 

adhesion restriction and ride comfort. The contributions of the optimized distribution method in terms of 

research value are as follows: 1) In calculating target braking force that considers the interactive force between 

carriages, the multi-particle model used in this study is close to the actual situation as a means of describing the 

dynamic behavior of a train. 2) In the process of braking force distribution, the constraint conditions selected in 

this study take both the adhesion restriction and ride comfort of passengers into account. Longitudinal 

acceleration is used to measure the ride comfort of passengers, and braking force is further limited by restricting 

the acceleration. 

 

II. DYNAMIC MODEL OF HIGH-SPEED TRAIN 
Assuming that a high-speed train has n  carriages. one carriage of the high-speed train is taken as an example 

for dynamic analysis. The dynamic model of the high-speed train obtained in this research is shown in Fig. 1.  

 

 
Fig. 1: Dynamic model of a high-speed train 

 

On the basis of the force analysis of all of the carriages, the following dynamic equation can be obtained 

according to Newton's second law [13]: 
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                    ( )1  

where 1,2, ,i n=   refers to the number of carriages; im refers to the mass of the thi  carriage; ix  , ix

and ix  refer to the displacement, velocity, and acceleration of the thi  carriage, respectively; iu  refers to the 

control input of the thi  carriage; dif refers to the running resistance on the thi  carriage; and if refers to the 

interactive force between the thi  carriage and the ( )1
th

i +  carriage.  

The basic running resistance dif  of the train consists of two parts, the mechanical running resistance 

and the aerodynamic running resistance. The calculation equation of the basic resistance is given by [14]:  
2

1 2 3di i if v v  = + +                              ( )2  

where 1  , 2  and 3  are constants corresponding to the types of high-speed trains. 

A high-speed train is a multi-body system, in which many carriages are connected in a physical 

coupling. The interactive force between carriages can be expressed as [15]: 

( ) ( )1 1i i i i if k x x h v v+ += − + −                                                ( )3  

where k  refers to the coefficient of spring, and h  refers to the coefficient of damping.  

In selecting the state vector of the train,  1 2, , ,
T

nx x x=X , and  1 2, , ,
T

nv v v=V . Equation (1) can be 

expressed as:  
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( )






X = V

V = G U + D
  ( )4  

where  
1

1 2, , , ndiag m m m
−

=G  ,  1 2, , ,
T

nu u u   =U  .  1 2= , , ,
T

nd d dD , in which id  refers to the composite 

disturbance term and is given by 1i i di id f f f−= − − . 

Remark 1: During the operation of the high-speed train, the unknown composite disturbance id  includes 

the running resistance dif  and the two interactive forces 1if −  and if  acting on the thi  carriage. While the train is 

braking, the running resistance dif  is bounded, as iv  is measurable; If no fracture exists at the connection 

between carriages during the braking, then ix   and iv  are bounded. Therefore, 1if −  and if  are also bounded. 

In summary, the composite disturbance id  is a bounded unknown, and the elements in vector  1 2, , ,
T

nd d d=D  

are bounded unknowns, that is, maxd  , where   is a positive constant.  

 

III. DESIGN AND STABILITY OF THE SLIDING MODE CONTROLLER 
The given value of the braking force of each carriage when the train runs stably is calculated using the 

designed controller. For the whole train, the cumulative sum of the output values of each controller can be used 

as the longitudinal target braking force, and the stability of the controller is proved at the same time. 
Tracking error is defined as:  

 1 2, , ,
T

ne e e=e and  1 2, , ,
T

ne e e=e  

where i i de x x= −  and i i de x x= −  , in which dx refers to the given reference curve when braking, which is 

n -order differentiable.  

The sliding surface is designed as: 

                                    s = ce + e                                                                        ( )5  

where  1 2, , , ndiag c c c=c , 0ic  ,and  1 2, , ,
T

ns s s=s . 

Then: 

 ( )= + = + + −
d

s ce e ce G U D X   ( )6   

where  1 2, , ,
T

ns s s=s ,  , , ,
T

d d dx x x=dX . 

Theorem 1. The sliding mode controller (7) is designed for the high-speed train system model (4). The 

displacement error of the system e  is gradually approaching to zero, the controller is: 

   = − + − d Δ
U M ce X ΓS  ( )7  

where  1 2, , , ndiag m m m=M , ( ) ( ) ( )1 2sgn ,sgn , ,sgn
T

ns s s=   ΔS ,and  1 2, , , ndiag   =Γ , i  is a 

constant greater than zero. 

Proof: The Lyapunov function is defined as: 

 
1

2

TV = s s   ( )8  

By taking the first-order derivative of equation (8) with respect to time, the following equation can be 

obtained:  
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By taking ( )min 0
im


   +  ,then: 

 
1

V  − s   ( )10  
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Thus, the system satisfies the condition of reaching the sliding surface. Thereafter, the following equation can be 

obtained according to equivalence theory [16]: 

 s = s = 0   ( )11  

As shown in formula (5), the displacement error and velocity error of the system during the braking process 

gradually approach zero, that is: 

lim 0
t→

=e and lim 0
t→

=e  

Note 1: The scope of the braking force is distributed in the whole train in this study. When a wheelset of a train 

slides, the braking force of the wheelset decreases, which leads to the loss of the total braking force of the train. 

The total braking force is should remain unchanged to ensure good braking performance and low energy 

consumption. Here, the target braking force is given by:   

 ( )1 2- nF u u u  = + + +  ( )12  

where F  refers to the total target braking force. 

 

IV. OPTIMAL DISTRIBUTION OF BRAKING FORCE 
An optimal distribution algorithm is designed for the braking force based on the established objective 

function and the selected constraint conditions. The braking force after optimized distribution in each carriage is 

obtained by solving the optimization problems satisfying the abovementioned model, the objective function, and 

the train operation constraints. 

 

4.1 Establishment of the objective function 

An important parameter for describing the braking capacity of a train is the adhesion utilization ratio, 

which represents the ratio of the adhesive strength used in practice to the maximum adhesive strength that can 

be achieved by means of the design between the wheel and the rail  [17]: 

 ( )0 1
N

P
 


=     ( )13  

where N  refers to the adhesive strength used in practice;   is an adhesion coefficient; and P  is 

adhesive gravity. The longitudinal force analysis shows that the adhesive strength used in the braking process is 

the braking force exerted by the train. 

The adhesion coefficient on the wet rail surface is given by [18]: 

 2
1

3v



=  +

+ 
    ( )14  

where v  refers to the velocity of the train ( )/km h , with 1 0.0405 = , 2 13.55 = , and 3 120 = . 

In the braking process, the train is required to exert great braking force within the range of adhesion to 

ensure that it can stop as quickly as possible, that is,   is maximum and ( )
2

1 −  is minimum. Then, the 

problem on force distribution is transformed into a problem of finding the optimal solution. The objective 

function is constructed as follows:  

 

22 2

1 2
1 2

1 1 2 2

min 1 1 1 n
n

n n

u u u
f W W W

P P P  

    
= − + − +   + −    

     
  ( )15  

where iW  refers to the weighting factor, and 0 1iW  ; iu  refers to the braking force to be distributed in 

operation in the thi  carriage of high-speed train; and i iP   refers to the maximum adhesive strength that the thi  

carriage can provide.  

 

Lemma 1 [19]: Sufficient conditions for the existence of extremum of multivariate function: Hessian matrix H  

is a positive definite, get the minimum value; Hessian matrix H  is a negative definite, get the maximum value. 

The existence of the minimum value of the objective function is proven in the next part. Let:  

 
1

i

i i

b
P

=   ( )16  

Then, the objective function equation (15) is transformed into: 

 ( ) ( ) ( )
2 2 2

1 1 1 2 2 2min 1 1 1n n nf W b u W b u W b u= − + − + + −   ( )17  

Hessian matrix H  is calculated as: 
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By calculating the second partial derivative of objective function equation (17), the following equation can be 

obtained: 

 

( )

2 2
2 2
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  ( )19   

From equations (18) and (19), Hessian matrix H of objective function can be obtained as: 

 

2

1 1

2

2 2

2

2 0 0

0 2 0

0 0

0 0 2 n n

W b

W b

W b

 
 
 =
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Η   ( )20  

Obviously, H  is a positive-definite matrix. Lemma 1 can be used to prove the existence of the minimum value 

in the constructed objective function. 

 

4.2 Selection of constraint conditions 

The braking process of a high-speed train is restricted by many factors. The adhesion restriction can 

endanger the train’s operation safety. The ride comfort of passengers can also be used to measure the stability of 

the high-speed train. Therefore, adhesion restriction and ride comfort are both considered together with the 

selected constraint conditions in this study: 

 1 2
. .

0

n

i i i

u u u F
s t

u P

+ +  + =

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And, 

 

1 1 1 1 1 1 2 1 1

1 1 2 1

1 1 2 1

, 1

. . , 2,3, , 1

,

d d

i i i di i i i i di

n n dn n n n dn

m a f f u m a f f i

s t m a f f f u m a f f f i n

m a f f u m a f f i n

− −

− −

+ +   + + =


+ − +   + − + =  −
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  ( )22  

where 0 0f =  and 0nf = .
2

1 0.981 /a m s= ,
2

2 1.1772 /a m s=  [20]. 

 

Note 2: Equations (21) and (22) consist of three parts. In the first part, the equality constraint indicates 

that the total target braking force F  remains constant in the braking process. In the second part, the inequality 

constraint indicates that the braking force after optimized distribution iu  in each carriage cannot exceed the 

maximum adhesion restriction i iP  between the wheel and rail; otherwise, it will cause train sliding. The third 

part corresponds to the constraint condition of ride comfort. In general, the acceleration of ride comfort is in the 

range of 1a – 2a . The braking force is limited by the restricted acceleration.  

 

4.3 Solutions 

On the basis of the characteristics of the proposed objective function and constraint conditions, the 

problems should be transformed into quadratic programming form to be able to obtain the abovementioned 

variables [21]. By solving the optimal solution in the form of quadratic programming, the braking force after 

optimized distribution in each carriage can be further obtained [22].Here, the equivalent transformation is 

conducted for the objective function equation (17) and constraint equations (21) and (22) constructed in this 

study. 

In the following part, let:  

 1i i iZ bu= −      ( )23  

 



Study on Brake Control for High-Speed Train Based on Optimal Distribution of Braking Force 

DOI: 10.35629/6734-1002012130                                      www.ijesi.org                                                  26 | Page 

Then, the objective function equation (17) can be transformed into:  
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  ( )24  

Subsequently, the constraint equations (21) and (22) can be transformed into : 

 
1 2
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And, 
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let 2 1 94176i i i di i im a f f f d −= − + + = − and 1 1 78480i i i di i im a f f f d −= − + + = −  

Equation (26) can then be simplified as: 

                                                          1 1i i i i ib Z b −   −                              ( )27  

Constraint equations (25) and (27) can be combined into: 

          1 2

1 2 1 2
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             ( )28  

For the abovementioned quadratic programming, Simulink is used to construct the model [23], and a 

program is written to obtain the optimal solution iZ . Then, iu  is obtained by substitution: 

 
1 i

i

i

Z
u

b

−
=   ( )29  

Note 3: The force iu  calculated in this study does not distinguish the electric braking force and air 

braking force. The focus is on the specific analysis of the distribution of braking force in each carriage during 

operation control. Therefore, iu only acts as a joint force on the carriages of the high-speed train. 

The braking force optimization distribution control structure of a high-speed train is shown in Fig. 2.  

 

 
Fig. 2: Diagram of the braking force optimization distribution control structure of a high-speed train 
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V. SIMULATION VERIFICATION 
A simulation experiment is performed to explore the effect of the abovementioned optimization 

algorithm. As a means of facilitating the simulation, only four carriages are used for the high-speed train to 

verify the effectiveness and feasibility of the proposed algorithm. The parameters of the operation dynamic 

model of the high-speed train are shown in Table 1. 

 

Table 1 Model parameters of the carriages of the high-speed 
Parameters Value Unit 

1 2 3 4, , ,m m m m  80000  kg  

1  21.176 10−  /N kg  

2  47.7616 10−  /Ns mkg  

3  51.6 10−  2 2/Ns m kg  

k  80000  /N m  
h  40000  /kg s  

 

The given braking reference curve in the braking process is a curve with an initial velocity of 56 /m s  

and a deceleration of 20.8 /m s . The simulation parameter values are set to 1ic =  , 30i =  . 

The adhesion coefficient used in this study is simply related to velocity, but the adhesion between the 

wheel and rail is an extremely complicated tribological process. The adhesion restriction of the head carriage is 

generally at the minimum, indicating that this carriage bears the minimum weight. After the head carriage run, 

the rail surface is cleaned. Therefore, the adhesion restriction of the succeeding carriages is increased. However, 

the adhesion restriction of the tail carriage is minor. This is because the rail may absorb impurities during 

operation. So the third carriage has the most weight, and the second carriage has the second highest weight. The 

weight of each carriage of the high-speed train as determined in this study is shown in Table 2.  

 

Table 2 Weight of each carriage of high-speed train 
weight 

1W   2W   3W   4W   
Value 0.1   0.3   0.4   0.2   

 

5.1 Simulation of tracking control 

By designing the controller, each carriage can track the given braking reference curve, and the target 

braking force can be obtained. Fig. 3 shows the three-dimensional response curve of the speed and displacement 

of each carriage to track the desired trajectory of the train, whereas Figs. 4 and Figs. 5 show the corresponding 

error curves of each carriage to track the desired trajectory of the train. The displacement error of each carriage 

converges to zero within 5 s (Fig. 4). 

 
Fig. 3: Velocity–displacement diagram 
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Fig. 4: Displacement error diagram                                           Fig. 5: Velocity error diagram 

 

5.2 Simulation of braking force distribution 

The braking distribution before optimization is the distribution that does not consider any constraint 

condition, which can also be regarded the average distribution. However, in view of avoiding high-speed train 

sliding, the braking force should be distributed on the basis of the weight of each carriage in the practical 

braking process. Here, the adhesion restriction in each carriage and ride comfort are both considered. 
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Fig. 6: Optimal solution                                                             Fig. 7: Equality constraint 

 

Fig. 6 shows the change curve of the optimal solution of each carriage. The optimal solution 

continuously increases as the velocity and adhesion utilization rate gradually decrease during the braking 

process. When the braking is 70 s, the velocity decreases to 0m/s, whereas the optimal solution increases to 1. 

Fig. 7 shows the equality constraint. After the total target braking force before and after optimization is kept the 

same within 0.15s, the cumulative sum of the braking force distributed in each carriage remains equal to the 

total target braking force in the subsequent distribution process. The trend proves that the equality constraint is 

true. 

From the transformation relationship between optimal solution and braking force, the braking force 

distributed after optimization can then be obtained. Figs. 8–11 show a comparison of the braking force before 

and after optimization in four carriages. As the weight of the first carriage is the smallest, the braking force 

distributed in the first carriage after optimization is less than that before optimization (Fig. 8). Then, as the 

velocity continues to decrease, the adhesion restriction continues to increase. In the range of 0–0.15 s, the 

braking force exerted before optimization is greater than the adhesion restriction, which causes the train to slide. 

As for the whole braking process, the braking force distributed after optimization is maintained within the scope 

of adhesion restriction. 
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Fig. 8-9: Comparison of braking force of carriages 1 and 2 before and after optimization 

 

Figs. 9 and Figs. 10 show that the braking forces distributed in carriages 2 and 3 after optimization 

increases with the increase in adhesion restriction. Carriage 3 has the largest weight in the whole train, thus, the 

braking forces distributed after optimization increases the most. However, the braking forces distributed in the 

two carriages after optimization still do not exceed respective adhesion restriction. Fig. 11 shows that no 

significant difference exists in the braking force distributed in carriage 4 before and after the optimization. This 

finding can be attributed to the minimal difference in the weight of carriage 4 before and after the optimization. 
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Fig. 10-11: Comparison of braking force of carriages 3 and 4 before and after optimization 

 

In summary, in contrast to the braking force distributed before optimization, the braking force 

distributed after optimization varies according to the different weights of the carriages in the whole train. The 

optimal distribution method can ensure both the adhesion restriction and the ride comfort of passengers.  

 

VI. CONCLUSIONS 
This study calculates the longitudinal target braking force of a high-speed train based on its dynamic 

model. The dynamic simulation model of the train is constructed in /Matlab Simulink . Under the premise of a 

given target braking force, the objective optimized function by using adhesion utilization rate is established. 

Then, the optimal distribution algorithm of braking force is studied by fully considering the adhesion restriction 

and ride comfort of passengers. The simulation results indicate that the braking force optimization distribution 

method proposed in this study offers significant advantages with respect to the average distribution method. The 

braking force distributed in each carriage after optimization varies according to the different weights of 

carriages, further indicating that it can meet the requirements of practical working conditions and achieve the 

preset distribution logic. 
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