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ABSTRACT: The continuous expansion of space since the Big Bang has been a great discovery of mankind.
However, that continuous expansion is incomplete, as it fails to describe the physics at very high density and
small light radii. In this paper, we provide a solution of that incompleteness problem by developing and
analyzing a droplet model: Droplets of high dimensional vacuum form and grow, as soon as the density exceeds
a corresponding critical density. At these dimensional phase transitions, the light horizon increases in an
extremely rapid manner. As a consequence, the horizon problem is solved.
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l. INTRODUCTION
The expansion of the universe since the Big Bang has been observed by various methods (see e.g. [1-14]).
Moreover, that expansion has been modelled on the basis of general relativity (see e.g. [15-24]). However, these
models are not complete, see Fig. (1):
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Fig. 1: Time evolution of the light horizon R, and of the density p as a function of time in Planck times tp
according to general relativity, GRT, and corresponding to quantum gravity, QG, (see [23], Fig. (5.7) or
[22], Fig. (2.4)): At the Big Bang, the light horizon starts at approximately the Planck length, R, = Lp.
Then the light horizon increases slightly by the formation of vacuum, and it increases extremely rapidly
at a series of dimensional phase transitions, without the formation of vacuum (triangles, this process is
described by QG). Later, the light horizon increases in three-dimensional space purely by the formation
of vacuum (circles, only this process is described by GRT). Altogether, GRT is incomplete, as it describes
the expansion of space only in the later universe.
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Complete physics is characterized by the combination of gravity and quantum physics [25]. In that
framework of quantum gravity, physical systems range from the Planck length L = 1.616:10" m to the present-
day light horizon at Ry, = 4.1:10% m. Moreover, the Planck density pp = 5.155-10% kg/m? cannot be exceeded in
nature [21]. Naturally, in a complete physical system, the Planck length can be achieved. However, according to
general relativity, the present-day light horizon would never have been smaller than 0.001 mm, at that radius,
the density of the universe would be equal to the Planck density, so a further reduction of R, would be
impossible, see figure (1), [23].

According to an advanced analysis within quantum gravity, the above incompleteness of GRT is
solved, thereby the light horizon has reached the Planck length, Ry, (t) = Le. This is achieved by a series of
dimensional phase transitions (see e.g. [20,26-28]).

So far, these phase transitions have been derived by four methods: a van der Waals type analysis of two objects
(see e.g. [26,29]), a transition in a Bose gas (see e.g. [21, 30, 31]), a phase transition of connections (see e.g.
[21]) and a theory of the dark energy (see e.g. [20,21,28]).

In this paper, we apply the droplet model in order to provide a fifth derivation of the phase transitions
in the early universe. The droplet model is a very powerful physical tool, as it provides a very clear and
convincing analysis and since it is very intuitive, in addition. Accordingly, droplet models have been used in
various fields of physics very successfully: in nuclear physics [32-33], in fluid dynamics [34], in biology [35], in
thermodynamics, and hydrodynamics [36], for instance.

Fig. 2: Droplet model: A droplet with radius dR(t) forms additional vacuum according to quantum
gravity and corresponding to the expansion of space in the universe. Simultaneously, the droplet loses
vacuum, as the vacuum propagates at the velocity of light. We consider the droplet in possibly higher

dimensional space or surroundings, so there is no flow of vacuum into the droplet that could compensate
for the outflow. If the formation of vacuum in the droplet exceeds the outflow of vacuum from the
droplet, then the droplet is stable and the corresponding dimension can form via the growth of such
droplets.

1. DROPLET MODEL

In this section, we apply the droplet model to dimensional phase transitions in the early universe.
Thereby, we often use Planck units, and we mark these by a tilde [20,21].

In our droplet model, a droplet represents a ball in D dimensional space, see Fig. (2). We analyze the
change 3R of the radius dR(t) of the droplet during a time interval t, see Fig. (2). Accordingly, there occurs a
change 8V of the volume dV of the droplet. The d in dR should mark that dR can be very small. Similarly, dV
can be very small.
Thereby, the volume dV is the volume of the ball at a time t and with a radius dR. Hereby, we denote the
volume of a ball with radius one in D dimensions by Vp. So, the volume of the ball is as follows:

dV(t) = Vp-dRP (1)

During a time interval dt, the radius of the ball increases by 8R. Thus, the new volume of the ball is as follows:
dV(t+8t) = Vp (dR+8R)° )

Hence, the volume of the formed vacuum is the volume of the shell in Fig. (2):
8V = 8V = dV(t+8t) — dV(t) = V- [(dR+5R)° — dR"] (3)

Thence, the formed vacuum gives rise to the following relative increase of the volume of the droplet in Fig. (2):
3VIdV = Vp[(dR+8R)° — dRP)/[VP-dR"] = (1+8R/dR)° — 1 =¢ 4

Hereby and in general, we denote a relative change of volume by ¢ as follows:
dVidV =¢ (5)
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Accordingly, the rate of change of the volume in a time interval &t is the ratio of € and dt:

Rate(e) = /8t (6)
So, the formed vacuum gives rise to the following rate:
Rate(s) = [(1+3R/dR)® — 1]/5t )

It is well known, according to GRT, that the expansion of space since the Big Bang is caused by the
density pp=3 in three-dimensional space. Similarly, the rate at which vacuum forms is caused by the density pp
in D dimensional space. The rate of that formation of vacuum has been derived in the framework of quantum
gravity as follows, see equation (3.46) in [21]:

Rate(&romation) = D2 - (2-5p)® ~ Y /6t (8)

The vacuum formed in the droplet propagates at the velocity of light c, as otherwise, it would be possible to
measure a velocity v < c of an object relative to the vacuum. However, it is impossible to measure such a
velocity v < ¢ relative to the vacuum or relative to space, according to relativity [15, 20, 21, 27]. So the vacuum
propagates outwards out of the droplet, see Fig. (2), at the velocity c. Thus, the vacuum propagating outwards
fills a shell with the following thickness:

dR = ¢/dt 9)

So, the droplet with radius dR becomes a droplet with radius dR — 6R. Hence the volume moving outwards is as
follows:

8V = Ve = Vo [dRP - (dR — 3R)"]

Thence, the vacuum propagating outwards has the following relative volume:

3VIdV = Vp[dRP - (dR — 8R)°)/[VP-dRP] = 1 — (1 — 8R/AR)® = gy (10)
Thus, the corresponding rate is as follows:
Rate(gon) = [1 — (1 — SR/AR)P)/5t (11)

At the critical density pp, the droplet just begins to grow. At this begin of growth of the droplet, the rate of
outflowing vacuum Rate(g,y) is equal to the rate of formation of vacuum Rate(&sormation):

Rate(eon) = [1 — (1 — SR/AR)P)/8t = D2 - (2:5p,0)® " /5t = Rate(&tomation) (12)
That equation is solved for (2-pp) as follows:
2Ppe = [1- (1 - 8R/AR)P)¥C-D . p#C-D (13)

For simplicity, we apply the abbreviations q = 8R/dR and x = 2-pp . So the equation for the critical density is as
follows:

X = [1 _ (1 _ q)D]4/(D—1) . D-2/(D—1) (14)
Next, we analyze the time evolution of the density, see Fig. (1).

1. CALCULATION OF THE CRITICAL DENSITIES

In this section, we use formula (14) to calculate the critical densities for different droplet radii dR in
which they become unstable. Therefore, we start by using the biggest droplet with the radius dR = R}, of the
light horizon radius so we can analyze the critical densities of the universe. Because we want to compare the
results of this droplet with the whole spectrum of droplets, we also calculate the critical densities of the smallest
droplet with the radius dR of one Planck length. Moreover, we examine some further examples with a relative
thickness q of the shell of 0.5, 0.25, 1071, 1072, 1073, 10~*, and 10~° to have a greater spectrum of droplets to
compare with. So, we obtain the radius:

dR = ‘%R (15)
In particular, we may imagine the case 6R = Lp. So, the radius is as follows:
drR =2 (16)

q
For calculating the different critical densities to every chosen droplet, for each dimension, we use a Microsoft
Excel spreadsheet (Fig. 3), where we include the formula (14) and use the chosen droplets as a function of the
variable g. Furthermore, we represent the scaled critical densities x as a function of the dimension D (Fig. 4).

constants:
q 1
D X
3 3.33E-01
4 3.97E-01
5 4.47E-01
Fig. 3: Part of the Spreadsheet to calculate the critical densities of each dimension for a droplet with the
radius Q.
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critical densities of different droplets
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Fig. 4: Scaled critical densities x as a function of the dimension D for various relative thicknesses g.

Figure (4) shows that relatively small droplet radii dR = i have relatively high critical densities for every

dimension. In particular, the time evolution of the droplet with the size of the light horizon corresponds to the
smallest droplets in the early universe, while it corresponds to the largest droplets in the late universe.

IV. SOLUTION OF THE HORIZON PROBLEM
In this section, we solve the horizon problem. For it, we need the path propagated by light and the
radius of the light horizon as a function of time. The radius is related to the density. Accordingly, we derive the
scaled density x as a function of time. For this purpose, we apply a generalized version of the Friedmann-
Lemaitre equation, see equation (2.424) in [20]:

dx D2+5D+6

—= —(D +1)-x +D+2 (7)
We abbreviate the exponent by b:

C=—D+1)-x (18)
Now we separate the variables. Therefore, we multiply by dt and divide by x?:

L=—-0+1)-dt (19)
Next, we integrate:

[S=[-D+1)-dt (20)
We evaluate both integrals:

——x P =—(D+1)-t (21)
Subsequently, we simplify:

x P =—-D+1)-(b-1)-t (22)

Next, we abbreviate the exponent by a and —(D + 1) - (b — 1) by d. So we get the two invariants a and d at
each dimension D. Thus, we derive the following equation:

x*=dxt (23)
We divide by t:
X _d (24)

t
We consider this equation for a time t; and a corresponding scaled density x; as well as for a time t, and a
corresponding scaled density x,. Using the invariant d, we derived the following equation:
a

a
xgy x¢

P = d = t_z (25)
1 2
Subsequently, we can use the reciprocal fractions, and multiply by x§:
t1 ty
Ltz 26
xfy  xfy (26)
taxxfy
bh="a 27
1 xgz ( )
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Finally, we express the equation as follows:

ty =1t (xi) (28)
Xt,)
Next, we derive the path s, propagated by light of time dt:
ds =c-dt (29)

Thereby, the time interval dt is defined by the difference of the time of the last phase transition t, and the time of
the actual dimensional phase transition t;:

dt =t, +t, (30)
Subsequently, we derive the expansion of the path s; as a consequence of the expansion of the universe.
Accordingly, we multiply the distance s; by the ratio of the actual radius of the light horizon and the radius of
the light horizon at that time t;. So, we use the following equation:

R
dsl,expanded =ds; - ko (31)

We integrate equation (30):
R
fdsl,expanded = de - A0 (32)

Riha
We evaluate both integrals. Because the interval dt between two phase transitions is relatively small, the ratio is

approximately constant and we obtain the following equation:

— Rino
dsz,expanded - dsl,expanded =cC- (tz - tl) ' Rina (33)

In order to calculate the distance dSi2 at a time tp, we add the additional distance 0S2,expanded=0S1,expanded tO

dStotain:

dstotal,z = dstotal,l + dsz,exnanded - dsl,expanded (34)
In order to calculate the fraction in the above equation, we analyse the present day light horizon and the values
that it had at earlier times according to the expansion of the universe as follows: For it we calculate such a value
Rin1 as a function of the scaled density x;. For instance, for the case of a constant mass, the following relation
holds:

Rih1 %1 = Rz X, (35)
However, in the early universe, the space was filled with radiation. Accordingly, the density x; is proportional to
the radius Rl_h(,f“), corresponding to the redshift. So the following equation holes

Ry % = RpS - x, (36)
Subsequently, we solve for Ry 1:

1
Rip1 =Rz (z_f)(ml) (37)

Since the calculations depend on an earlier value of the light horizon radius, it is necessary to know the first
value. Observable objects are limited by the Planck scale. So the light horizon radius cannot be smaller than two
observable objects, see figure (5) [37]. This small light horizon is achieved at the Planck scale [37].

Fig. 5: Cubic model of the light horizon at the Dimension D = 3. A ball has the radius Lp. The light
horizon is the distance between the centres of balls of both ends. So the light horizon corresponds to two
Lp, see [37].
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So, for the first phase transition we apply the following equation:
1

th,soo —92. (@)(30%1) (38)

X200

However, because of the speed of light, the length of two Planck lengths can only be reached in two Planck
times. So accordingly the time of the first phase transition has to be t; = 2 Planck lengths. For example, tzqo is
calculated as follows, see equation (28):

a

t300 =2° (M) (39)

Xtzn1
The possible radii of the droplets range from the Planck length to the light horizon. In the following we perform
two investigations: (1) The time evolution of the distance covered by light for the case of the smallest droplet,
and (2) the time evolution of the distance covered by light for the case of the largest droplet. We develop
spreadsheet in order to perform investigation (1) and investigation (2), see figure (6 until 9).

X t R_Ih ds_expanded ds_total
2.51E+56 2.56E+58 7.53E+64 3.39E+69
4.41E+50 2.56E+55 1.32E+62 3.39E+69
4.41E+44 2.56E+52 1.32E+59 3.39E+69

break in table

299 9.62E-01 2.03E+00 2.00E+00 6.14E+64 7.81E+66

300 9.63E-01 2.02E+00 2.00E+00 6.08E+64 7.75E+66

301 9.63E-01 2.00E+00 2.00E+00 7.69E+66 7.69E+66

Fig. 6: Investigation (1) of the smallest droplet: Part of the Spreadsheet to calculate the light horizon
radius R, and the distance covered by light ds based on the scaled critical densities x, the time t and
dimension D for the smallest droplet radius.

w w w g

In this table we calculate recursively beginning at the highest dimension D = 301 and leading to the
lowest dimension D = 3. We present the dimensions in column 1, see figure (6). Secondly, for each dimension
D, we calculate the scaled critical density x according to equation (14) and present the result in column 2, see
figure (6). Thirdly, for dimension D = 301, we apply two Planck times according to equation (39). The times
are presented in column 3, and the unit is the Planck time. Fourthly, for dimension D = 300, we calculate the
time according to equation (28) by using the time of dimension D = 301. Fifthly, and for each dimension D <
300, we calculate the time t recursively according to equation (28). Sixthly, for dimension D = 301, we apply
the light horizon at the Planck scale Ryn 301 = 2 Planck lengths according to equation (38). The radii are presented
in column 4, and the unit is the Planck length. Seventhly, for dimension D = 300, we calculate the length
according to equation (37) by using the value of the light horizon radius of dimension D = 301. Eighthly, and for
each dimension D < 300, we calculate the radius Ry, recursively according to equation (37). Ninthly, we
determine the distance covered by light in two steps. First we evaluate all distances between two phase
transitions by using equation (33), see column 5 in figure (6). Thereby, we use the values of column 4 according
to equation (33). Next we determine the complete path covered by light by calculating the total of all of these
paths, according to equation (34). The results are presented in column 6, see figure (6).

Tenthly, for the expansion of the universe in three-dimensional space we proceed as follows:
(10a) We take the time values corresponding to figure (2.23) in [20].

(10b) We take the values of the light horizon radius corresponding to figure (2.23) in [20].
(10c) We calculate dsqy according to equation (34).
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Fig. 7: Investigation (1) of the smallest droplet: Radius R, and the distance covered by light ds;. as a
function of time t.

D X t R_Ih ds_expanded ds_total
3 2.26E-60 4.91E+77 3.04E+12 1.24E+132 1.24E+132
4 3.98E-30 1.68E+51 8.34E+04 1.55E+113 1.55E+113
5 3.38E-18 1.27E+38 3.43E+02 2.85E+102 2.85E+102
break in table
299 9.62E-01 2.03E+00 2.00E+00 6.14E+64 7.81E+66
300 9.63E-01 2.02E+00 2.00E+00 6.08E+64 7.75E+66
301 9.63E-01 2.00E+00 2.00E+00 7.69E+66 7.69E+66

Fig. 8: Investigation (2) of the largest droplet: Part of the Spreadsheet to calculate the light horizon radius
R and the distance covered by light ds, based on the scaled critical densities x, the time t and
dimension D for the droplet with the radius of the light horizon radius.

e R _|h eds_total

1.E+118
1.E+101
1.E+84
1.E+67
1.E+50
1.E+33
1.E+16 °
]_E_O]_ NN 0 0 0 © )
1.E-18
1.E-35
1.E+00 1.E+10 1.E+20 1.E+30 1.E+40 1.E+50 1.E+60 1.E+70

time

length

Fig. 9: Investigation (2) of the largest droplet: Radius R, and the distance covered by light dsy, as a
function of time t.
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Investigation (1) of the smallest droplet as well as investigation (2) of the largest droplet, see figures (6, 7, 8, 9)
show that the total distance achieved by light is essentially larger than the light horizon radius. Moreover, we
performed additional investigations with intermediate droplet sizes, whereby we obtained the same result:

The total distance achieved by light is essentially larger than the light horizon radius. Altogether, our numerical
studies show in a convincing manner that the horizon problem is solved in the framework of our droplet model.

V. CONCLUSION

In this paper, we address the incompleteness problem that the continuous expansion of space since the
Big Bang, according to general relativity theory, does not describe the complete time evolution of the light
horizon ranging from the Planck scale to the present day light horizon, see figure (1).

That problem has been solved by a series of discontinuous phase transitions in the early universe [20,
21]. While these phase transitions have been modeled by four methods so far, we present a fifth model: the
droplet model. This model has essential advantages: it is intuitive, robust, can be solved exactly, and it has
already been applied successfully in various fields of science.

We base our analysis on the basic dynamics of the vacuum [20, 21, 25]. With it, we derive the critical
densities for phase transitions as a function of the radius of the droplets in equation (14) and figure (4). Using
these critical densities, we derive the time evolution of distances achieved in the universe by propagating light.
We show that these distances are large compared to the light horizon, so that the light was able to thermalize the
universe. In this manner we solve the horizon problem in addition to our solution of the incompleteness
problem.
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