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Abstract:  
This study investigates the combined effects of a non-Newtonian couple-stress lubricant and a magnetic fluid, 

incorporating velocity-slip and piezo-viscosity, on the lubrication performance of a finite journal bearing. 

Employing Stokes micro-continuum theory and the Barus viscosity-pressure relation with an artificial 

(homogeneous) slip surface, we analyze the load-carrying capacity, pressure distribution, and friction 

coefficient of the bearing. The results indicate that the piezo-viscosity parameter enhances both the maximum 

magnetic and hydrodynamic pressures within the bearing. Overall, the combined effects lead to a significant 

improvement in bearing performance. 
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I. Literature review and introduction: 
Ferrofluids (magnetic fluids) are composed of three main components: single-domain magnetic 

particles, a carrier (base) fluid, and a surfactant. Each magnetic particle is coated with long-chain or polymer 

molecules forming a surfactant layer, which maintains separation between particles and prevents aggregation 

due to magnetic forces. Recently, significant attention has been given to the application of ferrofluids in 

lubricated bearings ([1]–[6]), with studies showing that ferrofluid lubrication enhances bearing pressure and 

load-carrying capacity. Additionally, it improves bearing stability, reduces wear and friction, minimizes noise, 

and increases viscosity. Patel and Deheri [7] investigated the effects of slip velocity in journal bearings 

lubricated with magnetic fluids. Osman et al. [8] analyzed the influence of a current-carrying wire model on the 

design of hydrodynamic journal bearings using ferrofluids. J.R. Lin et al. [9] and Hanumagowda et al. [10] 

explored journal bearings lubricated with couple-stress fluids and pressure-dependent viscosity, applying the 

Barus formula to model the variable viscosity. Rao et al. [11] developed a theoretical model for partially 

textured, slip, slider, and journal bearings lubricated with couple-stress fluids, finding that slip and couple-stress 

parameters enhance load-carrying capacity and reduce friction.  N.C. Das [12], along with Nada and Osman 

[13], studied the optimal load-bearing capacity of slider bearings lubricated with couple-stress fluids under a 

magnetic field, concluding that magnetic and couple-stress parameters both contribute to increased load capacity 

and improved pressure distribution. J.R. Lin et al. [14] further examined ferrofluid lubrication using the 

Shliomis model and Stokes' micro-continuum theory, considering the effects of rotating ferromagnetic particles 
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and non-Newtonian properties. Rao and Prasad [15] studied the influence of velocity slip and viscosity variation 

in journal bearings, finding that while load-carrying capacity decreased with slip, friction was reduced with 

increasing viscosity. Oladeinde and Akpobi [16] analyzed the load capacity of slider bearings with slip surfaces 

and couple-stress fluids using the finite element method, demonstrating that the couple-stress parameter 

improves load capacity and that minimum slip velocity is required for maximum load. Dass et al. [17] 

investigated the combined effects of variable viscosity, couple-stress fluids, and three types of slip, concluding 

that engineered slip on the bearing surface combined with a no-slip journal surface yielded the highest load-

carrying capacity and pressure distribution, while also reducing friction and significantly decreasing the attitude 

angle. In this study, we aim to investigate the combined effects of variable viscosity, couple-stress fluid, 

ferrofluid, and slip velocity on the performance of journal bearings. Specifically, we analyze how these 

parameters influence pressure distribution, load-carrying capacity, and friction, with the goal of optimizing the 

design of an ideal journal bearing. Accordingly, the effect of magnetic fluids, incorporating couple stresses, 

variable viscosity, and velocity slip on the lubrication performance of deformable, rough, finite journal bearings 

is studied and analyzed.  

 

Mathematical Formulation: 

 

Bearing geometry: 

  

Tyrone D. Dass et. al. 2020; ConETech-2020 
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Schematic diagram of porous journal bearing Schematic diagram of a cylindrical journal and 

bearing with porous material layer; Luis San 

Andrés et. al. 2021 

 
Longitudinal and Transverse surface roughness 

Figure 1(a) and (b) illustrate the magnetic field produced by a current passing through an infinitely long wire, 

which is displaced by a distance R0 greater than the bearing radius. The wire is positioned at an angle ψ relative 

to the line connecting the journal and bearing centers in order to achieve an enhanced pressure distribution, as 

proposed by Tarapov [18]. Meanwhile, Figure 1(b) shows the magnetic field model for the displaced infinitely 

long wire, where the field gradient exists only in the circumferential direction of the bearing. The Barus formula 

for the variation of the viscosity with pressure is given as: 
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µ = µ0 eαp            (1) 

The induced magnetic force for the ferro fluid in the presence of the magnetic field is given by Cowley and 

Rosensweig [19], Zelazo and Melchier [20] 

 Fm = µ0 Xm hm (hm)         

 (2) 

Fm will be used as an external body force in the field equations Zang [21]. From the Stoke's micro continuum 

theory the general momentum equation for an incompressible fluid with couple stress is given as: 

 uuCFP
dt

ud
m

25.0 −+++−=       

 (3) 

In this context, u, Fₘ and C denote the velocity, body force per unit mass, and body couple per unit mass, 

respectively. P represents the pressure, ρ is the fluid density, μ is the shear viscosity, and η is a material constant 

associated with the couple stress properties of the fluid. The couple stress parameter η characterizes the 

influence of couple stresses on the bearing performance of the system. Starting from the Navier–Stokes 

equations and incorporating the magnetic force as an external body force, the governing equations of motion for 

the fluid film are derived. It is assumed that body couples are absent, the fluid is incompressible, the lubricant is 

a non-Newtonian fluid with constant density, and slip occurs at the journal surface. Under these assumptions, the 

field equation in the X-direction is formulated as follows: 
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Feasible Boundary Conditions: 

The boundary conditions with slip on the journal are 

u = U; 0
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Using the boundary conditions in the field equation we obtain the velocity in the x-direction: 



































+









−+

−







−+









+

−=
−

−
−

−

−

−

−

z

hg
e

hg
l

e
lehghg

e

zF
dx

dpe
z

hg
e

Ue
Uu

p

p
p

p

mx

p

p

p

)(

)(
2

tanh2)(2)(

)(
0

5.0
2

02

0

0

0












 




















































































 −

−







−+ −

−

l

hg
e

l

hgz
e

elF
dx

dpe

p

p

p

mx

p

2

)(
cosh

2

)(2(
cosh

12
5.0

2

0 







     (6) 

 

Modified Averaged Reynolds’ Equation: 

Flow into the permeable medium obeys Darcy's modified form of rule, whereas, hydro magnetic lubrication 

assumption holds in the film region. Tzeng and Saibel (1967) considered a method for irregular surface and 

accepted the one-dimensional film thickness to be of the shape 

h(x) = h*(x) + hs(x)          (R1) 

where h*(x) is the mean film thickness, hs(x) is the random deviation from the mean film thickness, h(x) is 

regarded as a random variable whose probability density function is either a Gaussian normal distribution 

function or Beta distribution function given by 

  chcChhf sss −−= − ;11.09375C)( 22-7
       (R2) 

f(hs) = 0, elsewhere          (R3) 

Distribution function above cited in the mathematical form is applied to obtain different parameters of 

roughness, like mean , standard deviation  and parameter  (measure of symmetry) as  

 = E (hs)           (R4) 
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2 = E [(hs - )2]          (R5) 

and 

 = E [(hs - )3]          (R6) 

where  

E is the expectancy operator 


−

=

c

c

ss dhhRfRE )()(           (R7) 

Under hydro-magnetic lubrication theory, stochastically averaging and adopting the properties of magnetic fluid 

lubrication (Neuringer and Rosensweig (1964), Bhat (2003), Christensen and Tonder (1970), Deheri et al. 

(2005), Rao and Prasad (2004)), the generalized Reynolds’ equation is comes out as 
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Using the Finite Difference Method, we solved the Modified Reynolds Equation that includes variable viscosity, 

magnetic effect, slip-parameter, and the couple-stress fluid with the help the following non dimensional 

parameters. 

Here, 

g(h) = (h + pap’)3 + 3(2 + 2)(h + pap’) + 3(h + pap’)2  + 32 + 3 +  + (12/h3)   

            (R8) 

Introducing the following dimensionless variables and parameters 
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By applying all the above non-dimensional terms to expression (7) and solving it with respect to the boundary 

conditions (5.a and 5.b), the load components (W) per unit length, along the direction perpendicular to the line 

of centers, can be obtained by integrating the pressure around the bearing from θ = 0 to θ = π. Similarly, the load 

components normal to the line of centers per unit length can also be determined. The dimensionless load is 

given by: 
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 (8) 

The attitude angle (ψ) is defined as the angular position of the line of action of the load-bearing capacity relative 

to the location of the minimum film thickness or the point of closest approach. The frictional parameter (μ f) and 

the attitude angle (ψ) are calculated accordingly. 
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II. Fruitful Results and Discussions: 
Expressions (8) and (10) clearly show that the load-carrying capacity and friction depend on various 

parameters, including standard deviation, variance, skewness, deformation, porosity, and aspect ratio. 

Furthermore, it is observed that negative variance and negative skewness in roughness increase the load profile, 

whereas standard deviation and porosity reduce the load-carrying capacity. In an attempt to characterize the 

ideal journal bearing, a combined effect of the couple-stress lubricant, magnetic fluid, velocity-slip, and the 

piezo–viscosity effect have been utilized. Previous results indicated that the magnetic parameter improves the 

load-carrying capacity and the friction of the journal bearing. With the incorporation of the couple-stress 

lubricant, variable viscosity, and the slip-velocity, there is further enhancement of these characteristics. The 

maximum magnetic and HD pressures increase with increasing piezo-viscosity parameter in the presence of the 

slip parameter. Higher load values occur in the presence of the magnetic parameter, high eccentricity ratio, and 

higher piezo-viscosity parameter. For an increase in the magnetic parameter the friction decreases. The 

combined effect of high couple-stress parameter and low piezo-viscosity parameter yields the lowest friction. 

From the above results, we can enhance the journal bearing parameters by combining the slip, piezo-viscosity, 

and couple-stress parameters. Thereby, the production of an ideal journal bearing with minimum friction and 

high load carrying capacity can be achieved. The study of magnetic fluids, which incorporates couple stresses, 

variable viscosity, and velocity slip, on the lubrication performance of finite journal bearings is a highly 

specialized area of tribology (the study of friction, wear, and lubrication). In this context, finite journal bearings 

are typically used in rotating machinery, such as engines or turbines, where the bearing supports the rotating 

shaft and the performance of the lubrication system is crucial to reducing friction and wear.  Load-Carrying 

Capacity and Friction Dependence: The load-carrying capacity and frictional behavior of a surface (especially in 

contact mechanics, tribology, or porous materials) are influenced by various surface and material characteristics.  

 

Key parameters include: 

Standard Deviation of Roughness (σ) 

Represents how much the surface heights deviate from the mean. 

Higher standard deviation typically leads to more irregular surface profiles, causing reduced real contact area 

and thus lower load-carrying capacity. 

Variance of Roughness (σ2) 

Directly related to the standard deviation [Variance = (Standard Deviation)2]. 

Negative variance (in a statistical modeling sense, meaning surfaces with valleys instead of peaks) increases the 

load-carrying capacity by enhancing contact area (due to valleys being filled or deformed under load). 

Skewness of Roughness (Sk) 

Measures the asymmetry of the surface profile. Negative skewness (more valleys than peaks) improves load 

support because the valleys help accommodate deformation without causing sharp stress concentrations. 

Surfaces with positive skewness (sharp peaks) tend to wear faster and carry less load effectively. 

Deformation (Elastic or Plastic) 

As surfaces deform, contact areas increase, often improving load-carrying capacity. Deformation behavior also 

strongly influences friction — elastic deformation often leads to lower friction, while plastic deformation can 

cause higher friction due to material flow and adhesion. 

Porosity (P). Refers to the presence of voids within a material or surface. Higher porosity leads to lower load-

carrying capacity because pores act like stress concentrators and reduce the effective solid area supporting the 

load. Porosity can also alter friction depending on the pore size distribution and material structure. 

Aspect Ratio (AR) 
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Defined often as height-to-width ratio of surface features or pores. High aspect ratio structures (tall and narrow) 

are typically less stable under load and can collapse, reducing load-carrying ability. Low aspect ratio features 

(short and wide) can better sustain loads due to broader load distribution. 

 

Observations 

Negative variance and negative skewness → Increase load-carrying capacity 

(More valleys than peaks, helping distribute the load better). 

Higher standard deviation and higher porosity → Decrease load-carrying capacity 

(More irregularity and less solid material to carry the load). 

Friction is a more complex function, often increasing with deformation (especially plastic), and varying with 

roughness details. 

 

Load profile 

 L = f(, 2, Sk, P, AR, D) 

Here, 

σ = roughness (standard deviation)  

σ2 = roughness variance  

Sk = surface skewness  

P = applied pressure  

AR = aspect ratio (maybe of roughness features)  

D = deformation (elastic) 

 

And the dependencies are: 
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 increasing roughness decreases load capacity 
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 more elastic deformation increases real contact area and thus increases L. 

 

These are fluids whose viscosity can be controlled by applying a magnetic field. This means that the 

lubrication characteristics of the fluid can be altered dynamically in response to external magnetic fields, 

providing the ability to fine-tune the bearing’s performance. When a magnetic field is applied, the suspended 

particles (usually ferrous) in the fluid align with the field lines, changing the rheological properties of the fluid 

and making it more resistant to flow, i.e., the fluid becomes "thicker." Couple stresses refer to the torque or 

rotational effects that are exerted on the fluid. In the case of magnetic fluids, these couple stresses may be 

influenced by the alignment and interaction of the magnetic particles, which can contribute to the complex flow 

behavior in the bearing. In the context of journal bearings, couple stresses can affect the pressure distribution 

and load-carrying capacity of the lubricant film, leading to changes in the friction and wear characteristics. The 

viscosity of the lubricant in the bearing is typically not constant and can vary with factors such as temperature, 

pressure, and, in the case of magnetic fluids, the intensity of the applied magnetic field. Variable viscosity means 

that the lubricant film in the bearing can change its thickness and load-bearing capacity dynamically. Higher 

viscosity can lead to a thicker lubricant film, potentially improving the bearing’s performance, while lower 

viscosity can reduce the film thickness and increase the risk of metal-to-metal contact. Velocity slip refers to the 

difference in velocity between the surface of the bearing (the shaft) and the lubricant. Normally, a no-slip 

condition is assumed, where the velocity of the fluid at the bearing surface matches that of the surface. 

However, in certain situations, particularly under high shear rates or with certain fluids like magnetic fluids, the 

velocity of the fluid near the surface may be different from that of the bearing surface. Velocity slip can affect 

the shear stresses and pressure distribution within the lubricant film, influencing the lubrication performance. 
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When incorporating these factors into the study of lubrication in finite journal bearings, the following effects are 

typically observed: Magnetic fluids offer the potential for adaptive control of viscosity. When subjected to a 

magnetic field, the viscosity can be increased, improving the load-carrying capacity of the lubricant. This could 

help prevent metal-to-metal contact and reduce wear. The influence of couple stresses also means that the 

lubricant can develop better film support, improving the bearing's performance under high-load conditions. 

Variable viscosity and couple stresses can lead to an increase in the effective film thickness. This helps maintain 

the separation between the bearing surfaces, which reduces friction and wear. In conjunction with velocity slip, 

the dynamic adjustment of viscosity due to magnetic fields can allow for more precise control over the film 

thickness, ensuring optimal lubrication in varying operational conditions. The ability to control the viscosity of 

the lubricant dynamically can significantly reduce friction and wear, especially under varying load conditions. 

The magnetic fluid’s ability to alter its properties in response to external magnetic fields allows it to adapt to 

changing operational conditions, minimizing the risks of dry friction and reducing wear. Moreover, the couple 

stresses generated by the fluid can reduce the tendency for the lubricant film to collapse under high shear stress, 

further improving the bearing's durability. Magnetic fluids exhibit non-Newtonian behavior (their viscosity 

changes with the rate of shear). This complicates the lubrication model but can also offer performance benefits, 

such as maintaining an appropriate lubricant film even under varying loads and speeds. The presence of velocity 

slip can destabilize the lubrication system, especially in bearings with high speeds or under extreme conditions. 

However, the use of magnetic fluids, particularly with external magnetic control, can provide a mechanism to 

stabilize the system by modifying the viscosity and fluid behavior in real-time. To quantify the impact of these 

factors on lubrication performance, mathematical models are used that account for the behavior of magnetic 

fluids in journal bearings. These models typically involve solving the Reynolds equation with additional terms 

that account for the magnetic field effects (magneto hydrodynamic forces), couple stresses, and variable 

viscosity. Velocity slip is incorporated using slip boundary conditions at the bearing surface. The Reynolds 

equation for lubrication is modified to account for the non-Newtonian, magneto rheological fluid's behavior. 

This includes viscosity changes with the magnetic field and pressure dependence. The equation will also 

incorporate terms representing couple stresses that arise from the magnetic interactions between the particles in 

the fluid and the field, affecting the shear forces and torque transmission. To model velocity slip, the classical 

no-slip boundary condition is replaced with a slip condition, which might depend on the applied magnetic field, 

fluid properties, and bearing geometry. The inclusion of magnetic fluids in finite journal bearings, considering 

couple stresses, variable viscosity, and velocity slip, has the potential to enhance the performance of the 

lubrication system significantly. These effects can lead to improved load-carrying capacity, reduced friction and 

wear, and better stability of the lubrication film under varying conditions. However, to fully optimize these 

effects, advanced modeling and experimental work are needed to understand the interplay of these factors in 

different operational regimes. 

 

Future Scope: 

In the pursuit of designing an ideal journal bearing, the combined effects of a couple-stress lubricant, 

magnetic fluid, velocity-slip, and the piezo-viscosity effect have been explored. Previous studies have shown 

that the magnetic parameter enhances both the load-carrying capacity and the frictional performance of the 

journal bearing. The addition of a couple-stress lubricant, variable viscosity, and velocity-slip further improves 

these characteristics. Notably, the maximum magnetic and hydrodynamic pressures increase with a higher 

piezo-viscosity parameter, particularly in the presence of slip effects. Higher load capacities are observed with 

increased magnetic parameters, higher eccentricity ratios, and elevated piezo-viscosity parameters. Additionally, 

an increase in the magnetic parameter results in reduced friction. The combination of a high couple-stress 

parameter and a low piezo-viscosity parameter leads to the lowest friction values. These findings suggest that 

journal bearing performance can be significantly enhanced by optimizing the slip, piezo-viscosity, and couple-

stress parameters, thereby paving the way for the development of an ideal journal bearing with minimal friction 

and superior load-carrying capacity. 
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