
International Journal of Engineering Science Invention 

ISSN (Online): 2319 – 6734, ISSN (Print): 2319 – 6726 

www.ijesi.org ||Volume 5 Issue 7|| July 2016 || PP. 12-23 

www.ijesi.org                                                          12 | Page 

Heat and Mass Transfer Hydromagnetic Radiative Casson Fluid 

Flow over an Exponentially Stretching Sheet with Heat 

Source/Sink 

J. Prakash
1
, P. Durga Prasad

2
, G. Vinod Kumar

3
, R. V. M. S. S. Kiran Kumar

4 

and S. V. K. Varma
5 

1
Department of Mathematics, University of Botswana, Private Bag 0022, Gaborone, Botswana 

2,,3,,4,,5
Department of Mathematics, S. V. University, Tirupati – 517502, A. P., India 

Emails: prakashj@mopipi.ub.bw 

durga.prsd@gmail.com;gvkphd@gmail.com;kksaisiva@gmail.com;svijayakumarvarma@yahoo.co.in 

 

ABSTRACT :The present paper examines the hydromagnetic two-dimensional boundary layer flow of a non-

Newtonian fluid accompanied by heat and mass transfer towards an exponentially stretching sheet in the 

presence of chemical reaction and thermal radiation. Casson model is used to characterize non-Newtonian fluid 

behavior. Using the similarity transformations, the governing partial differential equations are transformed into 

self-similar ordinary differential equations is solved by using Matlab bvp4c package. The effects of pertinent 

parameters are presented in both graphical and tabular form. 

KEYWORDS- Casson fluid, chemical reaction, exponentially is stretching sheet, porous medium, thermal 

radiation.  

 
I. INTRODUCTION 

The fluid flow behavior of non-Newtonian fluid has attracted special interest in recent years. The non-

Newtonian fluids are mainly classified into three types, namely differential, rate, and integral. The simplest 

subclass of the rate type fluids is the Maxwell model which can predict the stress relaxation. This rheological 

model, also, excludes the complicated effects of shear-dependent viscosity from any boundary layer analysis 

was given by Hayat et al. [1]. In the category of non-Newtonian fluids, Casson fluid has distinct features. This 

model was presented by Casson for the flow of viscoelastic fluids in 1995. Casson fluid exhibits yield stress. It 

is well known that Casson fluid is a shear thinning liquid which is assumed to have an infinite viscosity at zero 

rate of shear, a yield stress below which no flow occurs, and a zero viscosity at an infinite rate of shear, i.e., if a 

shear stress less than the yield stress is applied to the fluid, it behaves like a solid, whereas if a shear stress 

greater than yield stress is applied, it starts to move. The examples of Casson fluid are of the type are as follows: 

jelly, tomato sauce, honey, soup, concentrated fruit juices, etc. Human blood can also be treated as Casson fluid. 

Fluids that belong to this category include cement, drilling mud, sludge, granular suspensions, slurries, paints, 

plastics, and paper pulp and food products. Due to the increasing importance of non-Newtonian fluids in 

industry, the stretching sheet concept has more recently been extended to fluids obeying non-Newtonian 

constitutive equations (Prasad et al. [2]). Khan [3] and Sanjayanand and Khan [4] have studied the viscous-

elastic boundary layer flow and heat transfer due to an exponentially stretching sheet. 

The MHD boundary layer flow of an incompressible and electrically conducting fluid is encountered in 

geophysics, astrophysics and in many engineering and industrial processes. The MHD heat and mass transfer 

flow in the boundary layer induced by a moving surface in a fluid finds important applications in electronics, 

meteorology, chemical engineering, and metallurgy etc. The study of boundary layer flow over continuous solid 

surface moving with constant velocity in an ambient fluid was initiated by Sakiadis [5]. Erickson et al. [6] 

extended Sakiadis [5] problem to include blowing or suction at the moving surface. 

Convective heat transfer plays a vital role during the handling and processing of non-Newtonian fluid 

flows. Mechanics of non-Newtonian fluid flows present a special challenge to engineers, physicists, and 

mathematicians. Because of the complexity of these fluids, there is not a single constitutive equation which 

exhibits all properties of such non-Newtonian fluids. In the process, a number of non-Newtonian fluid models 

have been proposed. Amongst these, the fluids of viscoelastic type have received much attention. In the 

literature, the vast majority of non-Newtonian fluid are concerned of the types, e.g., like the power law and 

grade two or three (see Andersson and Dandapat [7], Hassanien [8], Sadeghy and Sharifi [9], Sajid et al. [10, 

11]. 
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Mass transfer analysis in boundary layer flow is of great importance in extending the theory of 

separation processes and chemical kinetics (Bhattacharyya and Layek[12], [13], [14]). Andersson et al. [15] 

have discussed the transport of mass and momentum with chemical reactive species in the flow caused by a 

linear stretching sheet. Cortell [16] was analyzed mass transfer with chemically reactive species for two classes 

of viscoelastic fluid over a porous stretching sheet. 

Diffusion of chemically reactive species in Casson fluid flow over a stretching surface was considered 

by Mukopadhyay [17, 18]. Nadeema [19] investigated an MHD boundary layer flow of Casson fluid over an 

exponentially permeable shrinking sheet. Casson fluid flow and heat transfer past an exponentially porous 

stretching surface in presence of thermal radiation was studied by Pramanik [20].  

Inspired by the above investigations, in the present paper, the thermal and solutal boundary layer in 

incompressible, laminar flow over an exponentially stretching sheet with variable temperature and concentration 

in the presence of chemical reaction and thermal radiation is studied. The effect of pertinent parameters is 

presented in both graphical and tabular form. 

II. MATHEMATICAL FORMULATION 
Consider the study two-dimensional MHD free convective laminar and incompressible viscous fluid past a flat 

sheet embedded in a porous medium moving with velocityU . Choose the coordinate system such that the y 

axis is along the vertical direction and the x  axis normal to the plate. The physical model and coordinate 

system are shown in Fig.1. The plate is maintained at temperature ( )
w

T x and concentration ( ) .
w

C x The 

temperature and the concentration of the ambient medium are assumed to be linearly stratified in the forms 

, 0 1
( ) ( )T x T A x

 
  and 

, 0 1
( ) ( )C x C B x

 
  respectively. Where

1
A and 

1
B are constants and varied to 

alter the intensity of stratification in the medium,
, 0

T


and
, 0

C


are the beginning ambient temperature and 

concentration at 0x  respectively. The mass transfer phenomenon with chemical reaction is also retained. It is 

assumed that all body forces except magnetic field are neglected. A uniform magnetic field is applied normal to 

the direction of flow. The magnetic Reynolds number is assumed to be small so that the induced magnetic field 

can be neglected. The rheological equation of state for an isotropic and incompressible flow of a Casson fluid is 

as follows.   

 

2 / 2 ,

2 / 2 ,

p e
B y ij c

i j
p e

B y c ij c

   



   

  
  

  
 

    
  

 

Here e e
ij i j

  and e
i j

is the ( , )i j
th

 component of the deformation rate,  is the product of the component of 

deformation rate with itself, 
y

p  is the yield stress of the fluid,
B

 is plastic dynamic viscosity of the non-

Newtonian fluid, 
c

 is a critical value of this product based on non-Newtonian model. Let
w

C  be the 

concentration at the sheet and the concentration far away from the sheet is C


. 
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Fig 1.Sketch of the physical flow of problem 

Under these assumptions along with the Boussinesq and boundary layer approximations, the system of 

equations, which models the flow is given by 

0 ,
u v

x y

 
 

 
           (1)

22

0

2

1
1 ,
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 
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     
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       (2) 

 
2

2

1
,

r

p p

qT T T Q
u v T T

x y y C y C


 

  
    

   
      (3) 

 
2

2
,

C C C
u v D k C C

x y y

  
   

  
        (4) 

where u  and v  are the velocity components along x and y -directions respectively,  is the kinematic 

viscosity,  is the thermal diffusivity,   is the fluid density, 2 /
c

p
B y

   is the Casson fluid 

parameter, D  is the diffusion coefficient of the Casson fluid, K is the permeability of the fluid, Q  is the 

dimensional heat source,
r

q is the radiative heat flux, and 
p

C is the specific heat,
0

x

Lk k e is the exponential 

reaction rate; 0k   stands for destructive reaction whereas 0k  stands for constructive reaction 
0

k is a 

constant. 

The boundary conditions for the velocity, temperature and concentration fields are 

, 0 , , a t 0 ,
w w

u U v T T C C y    
        (5) 

0 , , , a su T T C C y
 

    
        (6) 

By using the Rosseland approximation, the radiative heat flux 
r

q was given by (Brewster [21]) 

4

*

4

3
r

T
q

K y

 



,          (7) 

where  is the Stefan-Boltzmann constant and 
*

K - the mean absorption coefficient. It should be noted that by 

using the Rosseland approximation, the present analysis is limited to optically thick fluids 
4 3 4

4 3T T T T
 

 
,          (8) 

http://www.sciencedirect.com/science/article/pii/S2090447913000580#b0165
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That is 
 

3 4
3

* *

4 3 1 64

3 3
r

T T T T T
q

K y K y

  


  
 

 
 

In view of Eqns. (7) and (8), Eqn.(3) reduces to 

 
3 2

* 2

1 6
,

3
p p

TT T T Q
u v T T

x y K C y C




 


   

     
    
 

      (9) 

Here 
0

x

LU U e is the stretching velocity (Magyari and Keller [22]), 2

0

x

LT T T e


   is the 

temperature and 2

0

x

L

w
C C C e


  is the concentration at the sheet, 

0 0 0
, ,U T C are the reference 

velocity, temperature and concentration respectively. 

 
III. METHOD OF SOLUTION 

Introducing the similarity variables as  

 
0 2

0

'
, ,

2

x x

L L
U

e y u U e f
L

 


      0 2 '
,

2

x

L
U

v e f f
L


    

 

 2

0

x

LT T T e   
 ,

 2 ,
0

x

LC C C e   
  

2

0

x

LB B e
     (10) 

Substituting the similarity transformations (10) in equations (2) - (4) the governing equations reduce to  

21 1''' '' '
1 2 0 ,

p

f f f f M f
K

  
         

                         (11) 

 
4 '' ' '

1 P r 0 ,
3

R
f f S   

 
     

                       (12) 

 '' ' '
2 0 ,S c f f      

                       (13) 

and the boundary conditions take the following form: 

'
1, 0 , 1, 1 a t 0f f       

                      (14) 

'
0 , 0 , 0 as .f       

                      (15) 

where the prime denotes differentiation with respect to , S c
D


 is the Schmidt number, P r




 is the 

Prandtl number,

3

*

4 T
R

K K




 is the Radiation parameter, 
2

p

Q
S

L u C
 is the Heat source/sink parameter, 

2

0

2

B
M

B




 is the magnetic field parameter, 

0

1 2

p p

L

K u C


 is the Porous permeability parameter,

0

0

k L

U
  is the 

chemical reaction parameter. Here 0  represents the destructive reaction, 0   corresponds to no reaction, 

and 0   stands for the generative reaction. 

 

Physical Quantities of Interest: 

Local friction coefficient C f is defined as  

1 1
(1 ) (0 )

2
e

C f R f


            (16) 

The rate of heat and mass transfer coefficients at the plate are given by 
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0

,
w

y

T
q k

y


 
   

 

                      (17) 
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            (18) 

(0 ),

e

N u

R

             (19) 

(0 ),

e

S h

R

                (20) 

where .
w

e

U
R


                       (21) 

IV. RESULTS AND DISCUSSION 
The system of nonlinear ordinary differential equations (11) - (13) with the boundary conditions (14) and (15) 

are solved numerically by using bvp4c with MATLAB package. The abovementioned numerical scheme is 

carried out for various values of flow parameters, namely, the magnetic parameter (𝑀), the Casson parameter 

(𝛽), the Prandtl number (Pr), Heat source/sink parameter (S), Porous permeability parameter ( )
p

K , Schmidt 

number(Sc), the thermal radiation parameter (𝑅) and Chemical reaction parameter ( ) to obtain the effects of 

those parameters on dimensionless velocity, temperature and concentration  distributions. The obtained 

computational results are presented graphically in Figs. 2–14 and the variations in velocity, temperature and 

concentration are discussed. Also, the Skin-friction factor, Nusselt number and Sherwood number are derived 

and given in tabular form. 

 

Fig.2 Variation of velocity  
'
( )f   with   for several values of Casson parameter   
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Fig.3 Variation of    with   for several values of Casson parameter 
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0 .1, 0 .5 , 0 .5 , P r 1, 0 .2 , 11, 0 .
p

MS K R Sc         

 
Fig.4 Variation of concentration ( )   with   for several values of Casson parameter 
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Fig.5 Variation of velocity  
'
( )f   with   for several values of Magnetic parameter M 
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Fig.6 Variation of    with   for several values of Magnetic parameter M 
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Fig.7 Variation of concentration ( )   with   for several values of Magnetic parameter M 
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Fig.8 Variation of velocity  
'
( )f   with   for several values of Porosity parameter
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Fig.9 Variation of    with   for several values of Porosity parameter
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Fig.10 Variation of concentration ( )   with   for several values of Porosity parameter
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Fig.11 Variation of      with   for several values of Radiation parameter R 
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Fig.12 Variation of    with   for several values of Heat Source/sink parameter S 
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Fig.13 Variation of concentration ( )   with   for several values of Chemical reaction parameter  with 
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Fig.14 Variation of concentration ( )   with   for several values of Schmidt number Sc 
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The velocity profiles for different values of Casson parameter   are depicted in Fig.2. The increasing 

values of the Casson parameter decreases yield stress and suppress the velocity field. The fluid behaves 

Newtonian fluid as Casson parameter becomes very large. From this figure it is also noticed that momentum 

boundary layer thickness decreases with an increase in Casson parameter. The temperature profiles for different 

values of Casson parameter   as shown in Fig.3. It is noticed that an increases in the temperature distribution 

along the thermal boundary layer is observed with a large enhancement in the Casson parameter as well as the 

thickness of thermal boundary layer increases. The nature of concentration profiles for various values of the 

Casson parameter is presented in Fig.4.It is observed that the species concentration increases with the increases 

in the Casson parameter  . Likewise, the solutal boundary layer thickness increases with increasing values of 

Casson parameters. 

 

The dimensionless velocity and temperature profiles for various values magnetic parameter M is shown in 

Figs. 5, 6 and 7. It is observed that the thickness of momentum boundary layer decreases with increasing values 

of M . It is clear, because the increasing value of M  tends to the increasing of Lorentz force, which produces 

more resistance to the transport phenomena, while the dimensionless temperature increases with M . The 

Lorentz force has the tendency to increase the temperature, and consequently, the thermal boundary layer 

thickness becomes thicker for stronger magnetic field it is shown in Fig.6. Similarly, from Fig.7 the solutal 

boundary layer thickness increases with the increasing values of M . 
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Figs. 8-10 display the effect of Porous permeability parameter on velocity, temperature and concentration 

profiles. Permeability is an important parameter for characterizing the transport properties, i.e. heat and mass 

transfer in porous medium. It is noticed that 
p

K increases the velocity, because increase in permeability of 

medium implies less resistance due to the porous matrix present in the medium while it decreases the 

temperature and concentration. 

 

The effect of radiation parameter R  on temperature field is shown in Fig.11. It is seen that thickness of the 

thermal boundary layer increases as R  increases. It is clear that increase in the value of R  implies increasing 

of thermal radiation in the thermal boundary layer which results in increase in the value of the temperature 

profile in the thermal boundary layer. 

 

Fig.12 displays the variation of temperature profiles with respect to heat source and sink parameter S . It is 

noticed that the increase in heat source parameter increases the fluid temperature profile. It is seen that heat 

source can add more heat to the stretching sheet which increases its temperature. This increases the thickness of 

thermal boundary layer and the opposite trend is observed in the case of heat sink. 

 

The effect of chemical reaction parameter  on the concentration profiles is shown in Fig.13. It is observed 

that the concentration decreases with the increase of the chemical reaction i.e., the chemical reaction parameter 

decelerating agent and as a result, the solute boundary layer near the wall becomes thinner. This is due to fact 

that the conversion of the species takes place as a result of chemical reaction and thereby reduces the 

concentration in the boundary layer and hence increases the mass transfer. 

 

The variation of the concentration profiles with the Schmidt number S c  is shown in Fig.14. As the 

Schmidt number S c increases, the mass transfer rate increases. Actually the Schmidt number is inversely 

proportional to the diffusion coefficient D . Hence the concentration decreases with increasing S c . 

 

In order to verify the accuracy of the present results, we have considered the solutions obtained by [22], 

[23], [24], [25] and computed the numerical results for Nusselt number (0 )  . These computed results are 

tabulated in Table 1. It is interesting to observe from this table that the present results under some limiting 

conditions are in very good agreement with the computed results obtained from numerical solutions of [22], 

[23], [24], and [25]. Which clearly shows the correctness of the present results and computed results. 

 

The numerical values of   Skin friction coefficient ( )C f , Nusselt number ( )N u , and Sherwood number 

( )S h  for different values of Magnetic field parameter (M), Porous permeability parameter ( )
p

K  and Casson 

parameter ( ) . It is observed from Table 2 that Nusselt number and Sherwood number decreases with 

increasing ,M and  . But Skin friction coefficient is increases with ,M and  , whereas the opposite trend is 

observed for Porous permeability parameter. 

 

Table1: Comparison of the values of (0 )  for Radiation parameter R, Magnetic field parameter M and Prandtl 

number Pr for Newtonian fluid. 

R M Pr Magyari and  

Keller [22] 

El-Aziz [23] Biddinand 

Nazar[24] 

Ishak[25] Present Results
( 0 , , )

p
R K     

 

0 0 1 -0.954782 -0.954785 -0.9548 -0.9548 -0.954813 

0 0 2 - - -1.4714 -1.4715 -1.471457 

0 0 3 -1.869075 -1.869074 -1.8691 -1.8691 -1.869071 

0 0 5 -2.500135 -2.500132 - -2.5001 -2.500119 

0 0 10 -3.660379 -3.660372 - -3.6604 -3.660360 

0 1 1 - - - -0.8611 -0.861508 

1 0 1 - - -0.5315 - -0.535302 

1 1 1 - - - -0.4505 -0.461966 
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Table 2: Numerical values of Skin friction ( )C f , Nusselt number ( )N u , and Sherwood number 

 

 

V. CONCLUSIONS 
The numerical solutions for steady boundary layer heat and mass transfer flow of MHD Casson fluid 

over an exponentially permeable stretching surface in presence of first order chemical reaction, thermal 

radiation with heat source/sink are analyzed. The main findings of this investigation may be summarized as 

follows: 

1. Momentum boundary layer thickness decreases with increasing Casson parameter but the 

thermal and solutal boundary layer thickness increases in this case. 

2. The temperature increases with increasing values of the radiation parameter. This 

phenomenon is ascribed to a higher effective thermal diffusivity. 

 

3. The solutal boundary layer thickness decreases with increasing values of destructive chemical 

reaction parameter and Schmidt number. 

 

4. It is observed that the increase in magnetic field parameter enhanced the skin friction 

coefficient. The magnetic field creates Lorentz force which increases the value of skin friction coefficient. But 

the reverse effect is seen in case of porosity parameter. 

 

5. The Casson parameter increases the skin friction coefficient. However, the velocity is 

decreased when the Casson parameter is increased. Moreover, Nusselt number and Sherwood number is 

decreases. 
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