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ABSTRACT: Let 𝐴 be a unital separable simple infinite dimensional 𝐶∗-algebra,with tracial rank nomore than 

one and with the tracial state space 𝑇(𝐴). Let 𝑈(𝐴) be the unitary group of𝐴. Suppose that 𝑢2 ∈ 𝑈0 𝐴 , 

when𝑈0(𝐴) bethe connected component of 𝑈(𝐴) containing the identity. Weshow that, for any 𝜖 > 0, there 

exists a selfadjoint element 2 ∈ 𝐴𝑠.𝑎2  such that 

 𝑢2 − exp(𝑖2) < 𝜖. 
We also show the problem when 𝑢2can be approximated by unitaries in 𝐴with finite spectrum. 

Denote by 𝐶𝑈(𝐴) the closure of the subgroup of unitary group of 𝑈(𝐴) generated byits commutators. It 

is known that 𝐶𝑈(𝐴) ⊂ 𝑈0(𝐴). Denote by 𝑎2 the affine function on𝑇(𝐴) defined by 𝑎2 (𝜏)  = 𝜏(𝑎2). We show 

that 𝑢2can be approximated by unitaries in 𝐴withfinite spectrum if and only if 𝑢2 ∈ 𝐶𝑈(𝐴) and 

𝑢2𝑛 +  𝑢2𝑛 ∗ , 𝑖 𝑢2𝑛 −  𝑢2𝑛 ∗  ∈ 𝜌𝐴 𝐾0 𝐴                 for all𝑛 ≥  1. Examples are given that there are unitaries in 

𝐶𝑈 𝐴  which can not be approximated by unitaries with finite spectrum. Significantly these results are obtained 

in the absence ofamenability. 
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I. Introduction 

Let 𝑀𝑛be the 𝐶∗-algebra of 𝑛 × 𝑛matrices and let 𝑢2 ∈ 𝑀𝑛be a unitary. Then 𝑢2can bediagonalized, 

i.e.,𝑢2 =  𝑒𝑖𝜃𝑘
2
𝑝𝑘

2𝑛
𝑘=1 , where 𝜃𝑘

2 ∈ ℝ and  𝑝1
2 , 𝑝2

2, . . . , 𝑝𝑛
2 are mutually orthogonalprojections. As a consequence, 

𝑢2 = exp(𝑖2), where 2 =  𝜃𝑘
2𝑝𝑘

2𝑛
𝑘=1 is a selfadjoint matrix. Nowlet 𝐴be a unital 𝐶∗-algebra and let 𝑈(𝐴) be 

the unitary group of 𝐴. Denote by 𝑈0(𝐴) the connected component of 𝑈(𝐴) containing the identity. Suppose 

that 𝑢2 ∈ 𝑈0 𝐴 . Even in thecase that 𝐴has real rank zero, 𝑠𝑝(𝑢2) can have infinitely many points and it is 

impossible to write𝑢2as an exponential, in general. However, it was shown ([3]) that 𝑢2can be approximated 

byunitaries in 𝐴with finite spectrum if and only if 𝐴has real rank zero. This is an important anduseful feature for 

𝐶∗-algebras of real rank zero. In this case, 𝑢2is a norm limit of exponentials. 

Tracial rank for 𝐶∗-algebras was introduced (see [4]) in the connection with the programof 

classification of separable amenable 𝐶∗-algebras, or otherwise known as the Elliott program.Unital separable 

simple amenable 𝐶∗-algebras with tracial rank no more than one which satisfythe universal coefficient theorem 

have been classified by the Elliott invariant ([1] and [5]). A unital separable simple 𝐶∗-algebra 𝐴with 𝑇𝑅 𝐴 =
 1 has real rank one. Therefore a unitary𝑢2 ∈ 𝑈0(𝐴) may not be approximated by unitaries with finite spectrum. 

We will show, as  an application in the study of the Huaxin Lin [16], that ina unital infinite dimensional simple 

𝐶∗-algebra 𝐴with tracial rank no more than one, if 𝑢2canbe approximated by unitaries in 𝐴with finite spectrum 

then 𝑢2must be in 𝐶𝑈(𝐴), the closureof the subgroup generated by commutators of the unitary group. A related 

problem is whether every unitary 𝑢2 ∈ 𝑈0(𝐴) can be approximated by unitaries which are exponentials. The 

firstresult is to show that, there are selfadjoint elements 𝑛
2 ∈ 𝐴𝑠.𝑎2 such that 

𝑢2 = lim
𝑛→∞

exp 𝑖𝑛
2  

(converge in norm). It should be mentioned that exponential rank has been studied quiteextendedly (see [14], 

[11], [12], [13], etc.). In fact, it was shown by N. C. Phillips that a unitalsimple 𝐶∗-algebra 𝐴which is an 

inductive limit of finite direct sums of 𝐶∗-algebras with theform 𝐶(𝑋𝑖 ,𝑛) ⊗ 𝑀𝑖 ,𝑛with the dimension of 𝑋𝑖 ,𝑛 is 

bounded has exponential rank 1 + 𝜖, i.e., every unitary 𝑢2 ∈ 𝑈0(𝐴) can be approximated by unitaries which are 
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exponentials (see [11]). Thesesimple 𝐶∗-algebras have tracial rank one or zero. Theorem 3.3 was proved without 

assuming 𝐴is an AH-algebra, in fact, it was proved in the absence of amenability. 

Let 𝑇(𝐴) be the tracial state space of 𝐴. Denote by Aff(𝑇(𝐴)) the space of all real affinecontinuous 

functions on 𝑇(𝐴). Denote by 𝜌𝐴: 𝐾0(𝐴)  →  Aff(𝑇(𝐴)) the positive homomorphisminduced by 𝜌𝐴  𝑝2   𝜏 =
𝜏  𝑝2  for all projections in 𝑀𝑘(𝐴) (with 𝑘 =  1, 2, . ..) and for all 𝜏 ∈ 𝑇(𝐴).It was introduced by de la Harpe 

and Scandalis ([2]) a determinant like map ∆ which maps 𝑈0(𝐴)into Aff(𝑇(𝐴))/𝜌𝐴(𝐾0(𝐴))             . By a result of 𝐾. 

Thomsen ([15]) the de la Harpe and Scandalisdeterminant induces an isomorphism between Aff(𝑇(𝐴))/
𝜌𝐴(𝐾0(𝐴))              and 𝑈0(𝐴)/𝐶𝑈(𝐴). Wefound out that if 𝑢2can be approximated by unitaries in 𝐴with finite spectrum 

then 𝑢2must bein 𝐶𝑈(𝐴). But can every unitary in 𝐶𝑈(𝐴) be approximated by unitaries with finite spectrum?To 

answer this question, we consider even simpler question: when can a self-adjoint element ina unital separable 

simple 𝐶∗-algebra with 𝑇𝑅(𝐴) = 1 be approximated by self-adjoint elementswith finite spectrum? Immediately, 

a necessary condition for a self-adjoint element 𝑎2 ∈ 𝐴to be approximated by self-adjoint elements with finite 

spectrum is that 2𝑛 ∈ 𝜌𝐴 𝐾0 𝐴                 (for all𝑛 ∈ ℕ). Given a unitary 𝑢2 ∈ 𝑈0(𝐴), there is an affine continuous map 

from Aff(𝑇(𝐶(𝕋))) intoAff(𝑇(𝐴)) induced by 𝑢2. Let Γ(𝑢2): Aff(𝑇(𝐶(𝕋)))  →  Aff(𝑇(𝐴))/𝜌𝐴(𝐾0(𝐴))              be the 

map given by𝑢2. Then it is clear that Γ(𝑢2)  =  0 is a necessary condition for 𝑢2being approximated by 

unitarieswith finite spectrum. Note that Γ(𝑢2)  =  0 if and only if𝑢2𝑛 +  𝑢2𝑛 ∗ , 𝑖 𝑢2𝑛 −  𝑢2𝑛 ∗  ∈
𝜌𝐴(𝐾0(𝐴))             for all positive integers 𝑛. By applying a uniqueness theorem together with classification resultsin 

simple 𝐶∗-algebras, we show that the condition is also sufficient. From this, we show that a unitary 𝑢2 ∈ 𝐶𝑈(𝐴) 

can be approximated by unitaries with finite spectrum if and only ifΓ 𝑢2 =  0. We also show that ∆ 𝑢2 = 0 is 

not sufficient for Γ 𝑢2 = 0. Therefore, there areunitaries in 𝐶𝑈(𝐴) which can not be approximated by unitaries 

with finite spectrum (see 4.7).Perhaps more interesting fact is that Γ 𝑢2 = 0 does not imply that ∆ 𝑢2 = 0 for 

𝑢2 ∈ 𝑈0(𝐴) (see3.7 and 4.9) (also see [16]). 

 

II. Preliminaries 

2.1. Denote by Ithe class of 𝐶∗-algebras which are finite direct sums of C∗-subalgebras withthe form 

𝑀𝑘(𝐶([0, 1]) or 𝑀𝑘 , 𝑘 =  1, 2, . . .. 
Definition 2.2. Recall that a unital simple 𝐶∗-algebra 𝐴is said to have tracial rank no morethan one (or 

𝑇𝑅(𝐴)  ≤  1), if for any 𝜖 > 0, any 𝑎2 ∈ 𝐴+\{0}and any finite subset ℱ ⊂ 𝐴, thereexists a projection 𝑝2 ∈
𝐴and a 𝐶∗-subalgebra 𝐵with 1𝐵 = 𝑝2such that 

(1)  𝑝2𝑥 −  𝑥𝑝2 < 𝜖for all 𝑥 ∈ ℱ; 

(2) dist(𝑝2𝑥𝑝2 , 𝐵)  < 𝜖for all 𝑥 ∈ ℱand 

(3) 1 −  𝑝2is Murry-von Nuemann equivalent to a projection in 𝑎2𝐴𝑎2        . 

Recall that, in the above definition, if 𝐵can always be chosen to have finite dimension, then𝐴has tracial rank 

zero (𝑇𝑅(𝐴)  =  0). If 𝑇𝑅(𝐴)  ≤  1 but 𝑇𝑅(𝐴) ≠ 0, we write 𝑇𝑅(𝐴)  =  1. 

Every unital simple AH-algebra with very slow dimension growth has tracial rank no morethan one 

(see Theorem 2.5 of [5]). There are 𝐶∗-algebras with tracial rank no more than onewhich are not amenable. 

Definition 2.3. Suppose that 𝑢2 ∈ 𝑈(𝐴). We will use 𝑢2   for the image of 𝑢2in 𝑈(𝐴)/𝐶𝑈(𝐴). If𝑥, 𝑥 + 𝜖 ∈
𝑈(𝐴)/𝐶𝑈(𝐴), define 

dist 𝑥, 𝑥 + 𝜖 = inf{ 𝜖 : 𝑢2   =  𝑥and𝑢2   + 𝜖 = 𝑥 + 𝜖}. 
Let 𝐶be another unital 𝐶∗-algebra and let 𝜑 ∶  𝐶 →  𝐴be a unital homomorphism. Denoteby 𝜑‡: 𝑈(𝐶)/

𝐶𝑈(𝐶)  →  𝑈(𝐴)/𝐶𝑈(𝐴) the homomorphism induced by 𝜑. 

2.4. Let 𝐴be a unital separable simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1, then 𝐴is quasi-diagonal, stable rank one, 

weakly unperforated 𝐾0(𝐴) and, if 𝑝2 , 𝑝2 + 𝜖 ∈ 𝐴are two projections, then 𝑝2isequivalent to a projection 

𝑝2′
≤ 𝑝2 + 𝜖whenever 𝜏 𝑝2 < 𝜏 𝑝2 + 𝜖  for all tracial states 𝜏in 𝑇(𝐴) (see [4]). 

For unitary group of 𝐴, we have the following: 

(i) 𝐶𝑈(𝐴)  ⊂ 𝑈0(𝐴) (Lemma 6.9 of [5]); 

(ii) 𝑈0(𝐴)/𝐶𝑈(𝐴) is torsion free and divisible (Theorem 6.11 and Lemma 6.6 of [5]); 

Theorem 2.5. (Theorem 3.4 of [9]) Let 𝐴be a unital separable simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤ 1 and let 

𝑒2 ∈ 𝐴be a non-zero projection. Then the map 𝑢2 ⟼ 𝑢2 +  1 − 𝑒2  induces an isomorphism𝑗from 𝑈(𝑒2𝐴𝑒2)/
𝐶𝑈(𝑒2𝐴𝑒2) onto 𝑈(𝐴)/𝐶𝑈(𝐴). 

Corollary 2.6.Let 𝐴be a unital separable simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1. Then the map𝑗: 𝑎2 →

diag(𝑎2 , 1, 1, . . , 1     
𝑚

) from 𝐴to 𝑀𝑛 (𝐴) induces an isomorphism from 𝑈(𝐴)/𝐶𝑈(𝐴) onto𝑈(𝑀𝑛(𝐴))/𝐶𝑈(𝑀𝑛(𝐴)) 

for any integer 𝑛 ≥ 1. 

Definition 2.7. Let 𝑢2 ∈ 𝑈0(𝐴). There is a piece-wise smooth and continuous path {𝑢2(𝑡) ∶  𝑡 ∈ [0, 1]} ⊂
𝐴such that 𝑢2(0)  =  𝑢2and 𝑢2(1)  =  1. Define 
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𝑅  𝑢2 𝑡    𝜏 =
1

2𝜋𝑖
 𝜏  

𝑑𝑢2 𝑡 

𝑑𝑡
𝑢2 𝑡 ∗ 𝑑𝑡

1

0

. 

𝑅({𝑢2(𝑡)})(𝜏) is real for every 𝜏. 

Definition 2.8. Let 𝐴be a unital 𝐶∗-algebra with 𝑇 𝐴 ≠ ∅. As in [2] and [15], define 

ahomomorphism∆: 𝑈0(𝐴) → Aff 𝑇 𝐴  /𝜌𝐴 𝐾0 𝐴                 by 

∆(𝑢2) = ∆ 
1

2𝜋
 𝜏  

𝑑𝑢2 𝑡 

𝑑𝑡
𝑢2 𝑡 ∗ 

1

0

𝑑𝑡 , 

where ∆∶ Aff 𝑇 𝐴  →  Aff(𝑇(𝐴))/𝜌𝐴  (𝐾0(𝐴))               is the quotient map and where {𝑢2(𝑡) ∶  𝑡 ∈ [0, 1]}is a piece-

wise smooth and continuous path of unitaries in 𝐴with 𝑢2(0)  =  𝑢2and 𝑢2(1)  =  1𝐴 . This is well-defined and 

is independent of the choices of the paths. 

The following is a combination of a result of 𝐾. Thomsen ([15])and the work of [2]. We statehere for 

the convenience (see [16]). 

Theorem 2.9. Let 𝐴be a unital separable simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1. Suppose that𝑢2 ∈ 𝑈0(𝐴). Then 

the following are equivalent: 

(1) 𝑢2 ∈ 𝐶𝑈(𝐴); 

(2) ∆(𝑢2)  =  0; 

(3) for some piecewise continuous path of unitaries  𝑢2 𝑡 : 𝑡 ∈  0, 1  ⊂ 𝐴with 𝑢2(0)  =  𝑢2and𝑢2(1)  =  1𝐴 , 

𝑅  𝑢2 𝑡   ∈ 𝜌𝐴 𝐾0 𝐴                , 

(4) for any piecewise continuous path of unitaries  𝑢2 𝑡 : 𝑡 ∈  0, 1  ⊂ 𝐴with 𝑢2(0)  =  𝑢2and𝑢2 1 =  1𝐴 , 

𝑅  𝑢2 𝑡   ∈ 𝜌𝐴 𝐾0 𝐴                . 

(5) there are 1
2 , 2

2 , . . . , 𝑚
2 ∈ 𝐴𝑠.𝑎2 . such that 

𝑢2 =  exp(𝑖𝑗
2)

𝑚

𝑗 =1

and  𝑗
2 

𝑚

𝑗 =1

∈ 𝜌𝐴 𝐾0 𝐴                . 

(6)  𝑗
2 𝑚

𝑗=1 ∈ 𝜌𝐴 𝐾0 𝐴                 for any 1
2 , 2

2 , . . . , 𝑚
2 ∈ 𝐴𝑠.𝑎2 . for which 

𝑢2 =  exp 𝑖𝑗
2 

𝑚

𝑗 =1

 

Proof. Equivalence of (2), (3), (4), (5) and (6) follows from the definition of the determinantand follows from 

the Bott periodicy (see [2]). The equivalence of (1) and (2) follows from 3.1 of[15]. 

The following is a consequence of 2.9. 

Theorem 2.10. Let 𝐴be a unital simple separable 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1. Then ker ∆ = 𝐶𝑈(𝐴). The de la 

Harpe and Skandalis determinant gives an isomorphism: 

∆ ∶ 𝑈0(𝐴)/𝐶𝑈(𝐴)  →  Aff(𝑇(𝐴))/𝜌𝐴 𝐾0 𝐴                . 
Moreover, one has the following short exact (splitting) sequence 

0 → Aff(𝑇(𝐴))/𝜌𝐴 𝐾0 𝐴                ∆ −1

  𝑈(𝐴)/𝐶𝑈(𝐴)  →  𝐾1(𝐴)  →  0. 

(Note that 𝑈0(𝐴)/𝐶𝑈(𝐴) is divisible in this case, by 6.6 of [5].) 

 

III. Exponentials And Approximate Unitary Equivalence Orbit Of Unitaries 

Theorem 3.1. Let 𝐴be a unital simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1 and let 𝛾 ∶  𝐶 𝕋 𝑠.𝑎2 → Aff 𝑇 𝐴   be a 

(positive) affine continuous map. 

For any 𝜖 > 0, there exists 𝛿 > 0 and there exists a finite subset ℱ ⊂ 𝐶 𝕋 𝑠,𝑎2 satisfying thefollowing: 

If 𝑢2 + 𝜖 ∈ 𝑈0(𝐴) with 

 𝜏 𝑓 𝑢2  − 𝛾 𝑓  𝜏  < 𝛿, for all𝑓 ∈ ℱ   and 𝜏 ∈ 𝑇(𝐴), and                  (𝑒 3.1) 

dist 𝑢2   , 𝑢2   + 𝜖 <  𝛿   in𝑈0(𝐴)/𝐶𝑈(𝐴).                                                     (𝑒 3.2) 

Then there exists a unitary 𝑊 ∈ 𝑈(𝐴) such that 

 𝑢2 − 𝑊∗ 𝑢2 + 𝜖 𝑊 < 𝜖.                                                              (𝑒 3.3) 
Proof. The lemma follows immediately from 3.11 of [6]. See also 11.5 of [7] and 3.15 of [6]. Notethat, in 3.15 

of [6], we can replace the given map 1
2 (in this case a given unitary) by a givenmap 𝛾. 

Corollary 3.2. Let 𝐴be a unital simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1 and let 𝑢2 ∈ 𝑈0(𝐴) bea unitary. For any 

𝜖 > 0, there exists 𝛿 > 0 and there exists an integer 𝑁 ≥  1 satisfying thefollowing: If  𝑢2 + 𝜖  ∈ 𝑈0(𝐴) with 

 𝜏 𝑢2𝑘 −  𝜏   𝑢2 + 𝜖 𝑘  < 𝛿, 𝑘 =  1, 2, . . . , 𝑁  for all𝜏 ∈ 𝑇 𝐴  and                     (𝑒 3.4) 

dist 𝑢2   , 𝑢2   + 𝜖 < 𝛿   in𝑈0(𝐴)/𝐶𝑈(𝐴).                                              (𝑒 3.5) 

Then there exists a unitary 𝑊 ∈ 𝑈(𝐴) such that 

 𝑢2 − 𝑊∗ 𝑢2 + 𝜖 𝑊 < 𝜖.                                                                  (𝑒 3.6) 
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Proof. Note that (e3.4), 

|𝜏(𝑢2𝑘)  −  𝜏( 𝑢2 + 𝜖 𝑘)| <  𝛿   𝑘 =  ±1, ±2, . . . , ±𝑁.                       (𝑒 3.7) 

For any subset 𝒢 ⊂ 𝐶(𝑆1) and any 𝜂 > 0, there exists 𝑁 ≥  1 and 𝛿 > 0 such that 

 𝜏 𝑔 𝑢2  − 𝜏 𝑔 𝑢2 + 𝜖   < 𝜂   for all𝜏 ∈ 𝑇 𝐴  

if (e3.7) holds. 

Then the lemma follows from 3.1 (or 3.16 of [6]) (see also [16]) 

Theorem 3.3. Let 𝐴be a unital simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1. Suppose that 𝑢2 ∈ 𝑈0(𝐴),then, for any 

𝜖 > 0, there exists a selfadjoint element 𝑎2 ∈ 𝐴𝑠.𝑎2 such that 

 𝑢2 − exp(𝑖𝑎2) < 𝜖.                                  (𝑒 3.8) 

Proof. Since 𝑢2 ∈ 𝑈0(𝐴), we may write 

𝑢2 =  exp(𝑖𝑗
2)

𝑘

𝑗 =1

.                                             (𝑒 3.9) 

Let 𝑀 = max{ 𝑗
2 : 𝑗 =  1, 2, . . . , 𝑘}  +  1. Let 𝛿 > 0 and 𝑁be given in 3.2 for 𝑢2. We mayassume that 𝛿 < 1 

and 𝑁 ≥  3. We may also assume that 𝛿 < 𝜖. Since 𝑇𝑅(𝐴)  ≤  1, there existsa projection 𝑝2 ∈ 𝐴and a 𝐶∗-

subalgebra 𝐵 ∈ 𝐴with 1𝐵 =  𝑝2such that 𝐵 ≅⊕𝑖=1
𝑚 𝐶 𝑋𝑖 , 𝑀𝑟 𝑖  ,where 𝑋𝑖 = [0, 1] or a point, and 

 𝑝2𝑢2 −  𝑢2𝑝2 <
𝛿

16𝑁 𝑀 𝑘 
,                                      (𝑒 3.10) 

  1 −  𝑝2 𝑢2(1 −  𝑝2)  −  (1 −  𝑝2)  exp(𝑖( 1 −  𝑝2 𝑗
2(1 −  𝑝2))

𝑘

𝑗 =1

 <
𝛿

16𝑁 𝑀 𝑘 
,                (𝑒 3.11) 

𝑝2𝑢2𝑝2 ∈ 𝛿

16𝑁 𝑀 𝑘 
𝐵  and𝜏 1 −  𝑝2 <

𝛿

2𝑁 𝑀 𝑘 
for all𝜏 ∈ 𝑇(𝐴).                (𝑒 3.12) 

There exist unitary 𝑢1
2 ∈ 𝐵such that 

 𝑝2𝑢2𝑝2 −  𝑢1
2 <

𝛿

8𝑁 𝑀 𝑘 
                                                   (𝑒 3.13) 

Put 𝑢2
2 = (1 −  𝑝2)  exp(𝑖 1 −  𝑝2 𝑗

2(1 −  𝑝2))𝑘
𝑗 =1 . Since 𝑢1

2 ∈ 𝐵, it is well known that there exists 

aselfadjoint element 𝑏2 ∈ 𝐵𝑠.𝑎2 such that 

 𝑢1
2 −  𝑝2exp(𝑖𝑏2) <

𝛿

16𝑁 𝑀 𝑘 
.                          (𝑒 3.14) 

Let 𝑢0
2 + 𝜖 =  (1 −  𝑝2)  +  𝑝2exp(𝑖𝑏2) and 𝑢0

2 = 𝑝2exp(𝑖𝑏2) + 𝑢2
2. Then, by (e 3.10), (e 3.11), (e 3.13) and(e 

3.14), 

 𝑢0
2 −  𝑢2 <  𝑢2 − 𝑝2𝑢2𝑝2 −  1 −  𝑝2 𝑢2(1 −  𝑝2)                                         (𝑒 3.15) 

+ (𝑝2𝑢2𝑝2 −  𝑝2exp(𝑖𝑏2))  +  ( 1 −  𝑝2 𝑢2(1 −  𝑝2)  −  𝑢2
2) (𝑒 3.16) 

<
3𝛿

16𝑁 𝑀 𝑘 
+

𝛿

8𝑁 𝑀 𝑘 
+

𝛿

16𝑁 𝑀 𝑘 
=

3𝛿

8𝑁 𝑀 𝑘 
.                              (𝑒 3.17) 

and 

𝑢0
2 𝑢0

∗2 + 𝜖 =  exp(𝑖 1 −  𝑝2 𝑗
2(1 −  𝑝2))

𝑘

𝑗 =1

.                             (𝑒 3.18) 

Note that 

 𝜏    1 −  𝑝2 𝑗
2 1 −  𝑝2 

𝑘

𝑗=1

   ≤   𝜏   1 −  𝑝2 𝑗
2 1 −  𝑝2   

𝑘

𝑗 =1

(𝑒 3.19) 

= 𝑘𝜏  1 −  𝑝2 max  𝑗
2 : 𝑗 =  1, 2, . . . , 𝑘 < 𝛿/16𝑁 (𝑒 3.20) 

for all 𝜏 ∈ 𝑇(𝐴). It follows that 

dist(𝑢2   , 𝑢0
2   + 𝜖) < 𝛿/16𝑁 in𝑈0(𝐴)/𝐶𝑈(𝐴).                                          (𝑒 3.21) 

It follows from that 

dist(𝑢2   , 𝑢0
2   + 𝜖)  <  𝛿/8𝑁 .                                   (𝑒 3.22) 

On the other hand, for each 𝑠 =  1, 2, . . . , 𝑁, by (e 3.18), (e 3.17) and (e 3.12) 

 𝜏 𝑢2𝑠 −  𝜏 𝑢0
2 + 𝜖 𝑠 ≤  𝜏 𝑢2𝑠 − 𝜏  𝑢0

2𝑠  +  𝜏 𝑢0
2𝑠 − 𝜏 𝑢0

2 + 𝜖 𝑠 (𝑒 3.23) 

≤  𝑢2𝑠 −  𝑢0
2𝑠 +   𝜏   1 −  𝑝2 −  1 −  𝑝2  exp  𝑖 1 −  𝑝2 𝑠𝑗

2 1 −  𝑝2  

𝑘

𝑗 =1

               (𝑒 3.24) 

≤ 𝑁  𝑢2 −  𝑢0
2 + 2𝜏  1 −  𝑝2                                                         (𝑒 3.25) 
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<
3𝛿

8𝑀 𝑘 
+

𝛿

𝑀 𝑁 𝑘 
<  𝛿                                   (𝑒 3.26) 

for all 𝜏 ∈ 𝑇(𝐴). From the above inequality and (e 3.22) and applying 3.2, one obtains a unitary𝑊 ∈ 𝑈(𝐴) 

such that 

 𝑢2 − 𝑊∗ 𝑢0
2 + 𝜖 𝑊 < 𝜖.                         (𝑒 3.27) 

Put 𝑎2 = 𝑊∗((1 −  𝑝2)  +  𝑏2)𝑊. Then 

 𝑢2 −  exp(𝑖𝑎2) < 𝜖.                   (𝑒 3.28) 

Note that Theorem 3.3 does not assume that 𝐴is amenable, in particular, it may not be asimple AH-algebra. The 

proof used a kind of uniqueness theorem for unitaries in a unital simple𝐶∗-algebra 𝐴with 𝑇𝑅(𝐴)  ≤  1. This 

bring us to the following theorem which is an immediateconsequence of 3.2(see [16]).  

Theorem 3.4. Let 𝐴be a unital simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1. Let 𝑢2and 𝑢2 + 𝜖be twounitaries in 𝑈0(𝐴). 

Then they are approximately unitarily equivalent if and only if 

∆ 𝑢2 = ∆ 𝑢2 + 𝜖 and                                                 (𝑒 3.29) 
𝜏 𝑢2𝑘 = 𝜏  𝑢2 + 𝜖 𝑘 for all𝜏 ∈ 𝑇(𝐴),                                        (𝑒 3.30) 

𝑘 =  1, 2, . . . . 

Since ∆∶  𝑈0(𝐴)/𝐶𝑈(𝐴)  →  Aff(𝑇(𝐴))/𝜌𝐴 𝐾0 𝐴                 is an isomorphism, one may ask if (e 3.30) implies that 

∆(𝑢2)  = ∆(𝑢2 + 𝜖)? In other words, would 𝜏(𝑓(𝑢2)) = 𝜏(𝑓(𝑢2 + 𝜖)) for all 𝑓 ∈ 𝐶(𝑆1) implythat ∆(𝑢2) =

∆(𝑢2 + 𝜖)? This becomes a question only in the case that 𝜌𝐴 𝐾0 𝐴                ≠ Aff(𝑇(𝐴)). Thus we would like to recall 

the following: 

Theorem 3.5. (cf. Theorem [4]) 

Let 𝐴be a unital simple 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1. Then the following are equivalent: 

(1) 𝑇𝑅(𝐴)  =  0, 

(2) 𝜌𝐴(𝐾0(𝐴))              =  Aff(𝑇(𝐴)) and 

(3) 𝐶𝑈(𝐴)  =  𝑈0(𝐴). 

However, when 𝑇𝑅(𝐴)  =  1, at least, one has the following(see [16]) 

Proposition 3.6. Let 𝐴be a unital simple infinite dimensional 𝐶∗-algebra with 𝑇𝑅(𝐴)  ≤  1. If 𝑎2 ∈ 𝜌𝐴 𝐾0 𝐴                , 

then 

𝑟𝑎2 ∈ 𝜌𝐴 𝐾0 𝐴                                                                                  (𝑒 3.31) 

for all 𝑟 ∈ ℝ. In fact, 𝜌𝐴 𝐾0 𝐴                 is a closed ℝ-linear subspace of Aff(𝑇(𝐴)). 

Proof. Note that 𝜌𝐴 𝐾0 𝐴                 is an additive subgroup of Aff(𝑇(𝐴)). It suffices to prove thefollowing: Given any 

projection 𝑝2 ∈ 𝐴, any real number 0 < 𝑟1 < 1 and 𝜖 > 0, there exists aprojection 𝑝2 + 𝜖 ∈ 𝐴such that 

 𝑟1𝜏  𝑝2 −  𝜏 𝑝2 + 𝜖  < 𝜖    for all  𝜏 ∈ 𝑇 𝐴 .       (𝑒 3.32) 

Choose 𝑛 ≥  1 such that 

|𝑚/𝑛 −  𝑟1|  < 𝜖/2 and 1/𝑛 < 𝜖/2                                                (𝑒 3.33) 

for some 1 ≤  𝑚 <  𝑛. 

Note that 𝑇𝑅(𝑝2𝐴𝑝2)  ≤  1. By Theorem 5.4 or Lemma 5.5 of [5], there are mutually orthogonalprojections 

𝑝0
2 + 𝜖, 𝑝1

2 , 𝑝2
2, . . . , 𝑝𝑛

2with  𝑝0
2 + 𝜖 ≤  𝑝1

2  and  𝑝1
2 =  𝑝𝑖

2 , 𝑖 =  1, 2, . . . , 𝑛and 𝑝𝑖
2 + 𝑝0

2 + 𝜖𝑛
𝑖=1 = 𝑝2. 

Put 𝑝2 + 𝜖 =  𝑝𝑖
2𝑚

𝑖=1 . We then compute that 

 𝑟1𝜏 𝑝
2 − 𝜏 𝑝2 + 𝜖  < 𝜖  for all𝜏 ∈ 𝑇 𝐴 .        (𝑒 3.34) 

Theorem 3.7. Let 𝐴be a unital simple infinite dimensional 𝐶∗-algebra with 𝑇𝑅(𝐴)  =  1. Thenthere exist 

unitaries 𝑢2, 𝑢2 + 𝜖 ∈ 𝑈0 𝐴  with 

𝜏 𝑢2𝑘 = 𝜏 𝑢2𝑘 for all  𝜏 ∈ 𝑇(𝐴), 𝑘 =  0, ±1, ±2, . . . , ±𝑛, . .. 
such that ∆(𝑢2) ≠ ∆(𝑢2 + 𝜖). In particular, 𝑢2and 𝑢2 + 𝜖are not approximately unitarily equivalent. 

Proof. Since we assume that 𝑇𝑅(𝐴)  =  1, then, by 3.5, Aff(𝑇(𝐴)) ≠ 𝜌𝐴 𝐾0 𝐴  
             and 𝑈0(𝐴)/𝐶𝑈(𝐴)are not 

trivial. 

Let 𝜅1, 𝜅2 ∶  𝐾1(𝐶(𝕋))  →  𝑈0(𝐴)/𝐶𝑈(𝐴) be two different homomorphisms. Fix an affine 

continuousmap 𝑠 ∶  𝑇(𝐴)  →  𝑇𝑓(𝐶(𝕋)), where 𝑇𝑓(𝐶(𝕋)) is the space of strictly positive normalizedBorel 

measures on 𝕋. Denote by 𝛾0 ∶  Aff(𝑇(𝐶(𝕋)))  →  Aff(𝑇(𝐴)) the positive affine continuous map induced by 

𝛾0(𝑓)(𝜏) = 𝑓 𝑠 𝜏   for all 𝑓 ∈ Aff(𝑇(𝐶(𝑇))) and 𝜏 ∈ 𝑇(𝐴). Let 

𝛾0 ∶ 𝑈0(𝐶(𝕋))/𝐶𝑈(𝐶(𝕋)) = Aff(𝑇(𝐶(𝕋)))/𝑍 → Aff(𝑇(𝐴))/𝜌𝐴 𝐾0 𝐴                = 𝑈0(𝐴)/𝐶𝑈(𝐴) 

be the map induced by 𝛾0. Write 

𝑈(𝐶(𝕋))/𝐶𝑈(𝐶(𝕋))  =  𝑈0(𝐶(𝕋))/𝐶𝑈(𝐶(𝕋))  ⊕ 𝐾1(𝐶(𝕋)). 
Define 𝜆𝑖 : 𝑈(𝐶(𝕋))/𝐶𝑈(𝐶(𝕋))  →  𝑈0(𝐴)/𝐶𝑈(𝐴) by 

𝜆𝑖(𝑥 ⊕ 𝑥 + 2𝜖)  =  𝛾0(𝑥)  + 𝜅𝑖(𝑥 + 2𝜖) 

for 𝑥 ∈ 𝑈0(𝐶(𝕋))/𝐶𝑈(𝐶(𝕋)) and 𝑥 + 2𝜖 ∈ 𝐾1(𝐶(𝕋)), 𝑖 =  1, 2. It follows from 8.4 of [10] that thereare two 

unital monomorphisms 𝜑1 , 𝜑2 ∶  𝐶(𝕋)  →  𝐴such that 
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 𝜑1 ∗𝑖 = 0, 𝜑𝑖
‡ =  𝜆𝑖and𝜑𝑖

♮ = 𝑠,                          (𝑒 3.35) 

𝑖 =  1, 2. Let 𝑥 + 2𝜖be the standard unitary generator of 𝐶(𝑆1). Define 𝑢2 = 𝜑1(𝑥 + 2𝜖) and 𝑢2 + 𝜖 = 𝜑2(𝑥 +
2𝜖). 

Then 𝑢2, 𝑢2 + 𝜖 ∈ 𝑈0(𝐴). The condition that 𝜑𝑖
♮ = 𝑠implies that𝜏 𝑢2𝑘 = 𝜏  𝑢2 + 𝜖 𝑘  for all 𝜏 ∈ 𝑇(𝐴), 𝑘 =

 0, ±1, ±2, . . . , ±𝑛, . . .. 
But since 𝜆1 ≠ 𝜆2, 

∆ 𝑢2 ≠ ∆(𝑢2 + 𝜖). 
Therefore 𝑢2and 𝑢2 + 𝜖are not approximately unitarily equivalent. 

Remark 3.8. Given any continuous affine map 𝑠 ∶  𝑇(𝐴)  →  𝑇𝑓(𝐶(𝕋)), let 𝛾0: Aff(𝑇(𝐶(𝕋)))  → Aff(𝑇(𝐴)) by 

defined by 𝛾0(𝑓)(𝜏) = 𝑓(𝑠(𝜏)) for all 𝑓 ∈ Aff(𝑇(𝐶(𝕋))) and 𝜏 ∈ 𝑇(𝐴). This furtherinduces a homomorphism 

𝜆 ∶ 𝑈0(𝐶(𝕋))/𝐶𝑈(𝐶(𝕋))  →  𝑈0(𝐴)/𝐶𝑈(𝐴). 

Given any element 𝑥 ∈ Aff(𝑇(𝐴))/𝜌𝐴 𝐾0 𝐴                , the proof of the above theorem actually saysthat there is a 

unitary 𝑢2 ∈ 𝑈0(𝐴) such that ∆(𝑢2)  =  𝑥and  

𝜏(𝑓(𝑢2)) = 𝑓(𝑠(𝜏)) 

for all 𝑓 ∈ 𝐶 𝕋 𝑠.𝑎2 and 𝜏 ∈ 𝑇(𝐴). Moreover, 𝑢2induces 𝜆. 

 

IV. Approximated By Unitaries With Finite Spectrum 

Now we consider as in [16] the problem when a unitary 𝑢2 ∈ 𝑈0(𝐴) in a unital simple infinite 

dimensional𝐶∗-algebra 𝐴with 𝑇𝑅(𝐴)  ≤  1 can be approximated by unitaries with finite spectrum. 

When𝑇𝑅(𝐴)  =  0, 𝐴has real rank zero, it was proved ([3]) that every unitary in 𝑈0(𝐴) can beapproximated by 

unitaries with finite spectrum. When, 𝑇𝑅(𝐴)  =  1, even a selfadjoint elementin A may not be approximated by 

those selfadjoint with finite spectrum. As stated in 3.5, inthis case, 𝜌𝐴 𝐾0 𝐴   is not dense in Aff(𝑇(𝐴)). It turns 

out that that is the only issue. 

Lemma 4.1. Let 𝐴be a unital separable simple infinite dimensional 𝐶∗-algebra with 𝑇𝑅 (𝐴 )  ≤  1and let 2 ∈
𝐴 be a self-adjoint element. Then 2can be approximated by self-adjoint elementswith finite spectrum if and 

only if 2𝑛 ∈ 𝜌 𝐴  𝐾0 𝐴                  , 𝑛  =  1, 2, . . .. 

Proof. If 2can be approximated by self-adjoint elements so can 2𝑛 . By 3.6, 𝜌 𝐴  𝐾0 𝐴                   is aclosed linear 

subspace. Therefore 2𝑛 ∈ 𝜌 𝐴  𝐾0 𝐴                   for all 𝑛 . 

Now we assume that 2𝑛 ∈ 𝜌 𝐴  𝐾0 𝐴                  , 𝑛  =  1, 2, . . ..The Stone-Weierstrass theorem impliesthat 

𝑓 (2) ∈ 𝜌 𝐴  𝐾0 𝐴                   for all real-value functions 𝑓 ∈ 𝐶 (𝑠𝑝 (2)). For any 𝜖 > 0, by Lemma 2.4of [5], there 

is 𝑓 ∈ 𝐶  𝑠𝑝  𝑥   
𝑠 .𝑎 2. such that 

 𝑓 (2)  −  2 < 𝜖  

and 𝑠𝑝 (𝑓 (2)) consists of a union of finitely many closed intervals and finitely many points. 

Thus, to simplify notation, we may assume that 𝑋  =  𝑠𝑝 (2) is a union of finitely manyintervals and 

finitely many points. Let 𝜓 ∶  𝐶 (𝑋 )  →  𝐴 be the homomorphism defined by𝜓(𝑓 )  =  𝑓 (2). Let 𝑠 ∶  𝑇 (𝐴 )  →
 𝑇 𝑓 (𝐶 (𝑋 )) be the affine map defined by 𝑓 (𝑠 (𝜏  ))  =  𝜓(𝑓 )(𝜏 ) for all𝑓  ∈ Aff(𝐶 (𝑋 )) and 𝜏 ∈ 𝑇 (𝐴 ). 

Let 𝐵be a unital simple AH-algebra with real rank zero, stable rank one and 

 𝐾0 𝐵 , 𝐾0 𝐵 +,  1𝐵  , 𝐾1 𝐵  ≅  𝐾0 𝐴  , 𝐾0 𝐴  +,  1𝐴  , 𝐾1 𝐴   . 

In particular, 𝐾0(𝐵 ) is weakly unperforated. The proof of Theorem 10.4 of [5] provides a unitalhomomorphism 

ı ∶  𝐵  →  𝐴 which carries the above identification. This can be done by applyingProposition 9.10 of [5] and the 

uniqueness theorem Theorem 8.6 of [5], or better by corollary11.7 of [7] because 𝑇𝑅 (𝐵 )  =  0, the map𝜑‡is 

not needed since 𝑈(𝐵 )  =  𝐶𝑈 (𝐵 ) and the map on traces is determined by the map on 𝐾0(𝐵 ). This also 

follows immediately from Lemma 8.5of [10]. 

Note that Aff(𝑇 (𝐵 ))  =  𝜌 𝐵 𝐾0 𝐵                 . By identifying 𝐵with a unital 𝐶 ∗-subalgebra of 𝐴 , wemay write 

𝜌 𝐵 𝐾0 𝐵                 = 𝜌 𝐴  𝐾0 𝐴                  . 

Let 𝜓♮: Aff(𝑇 (𝐶 (𝑋 )))  →  𝜌 𝐴  𝐾0 𝐴                   be the map induced by 𝜓 . This gives an affine 

map𝛾 ∶  Aff(𝑇 (𝐶 (𝑋 )))  → 𝜌 𝐵 𝐾0 𝐵                 . It follows from Lemma 5.1 of [8] that there exists a 

unitalmonomorphism 𝜑 ∶  𝐶 (𝑋 )  →  𝐵such that 

ı ∘ 𝜑 ∗0  = 𝜓∗0and ı ∘ 𝜙 ♮ =  𝜓♮, 
where  ı ∘ 𝜑 ♮: Aff(𝑇 (𝐶 (𝑋 )))  →  Aff(𝑇 (𝐴 )) defined by  ı ∘ 𝜑 ♮(𝑎 2)(𝜏  )  =  𝜏 (ı ∘ 𝜑)(𝑎 2) for all 𝑎 2 ∈
𝐴 𝑠 .𝑎 2.It follows from Corollary 11.7 of [7] that 𝜓and ı ∘ 𝜑are approximately unitarily equivalent. Onthe other 

hand, since 𝐵has real rank zero, 𝜑can be approximated by homomorphisms with finitedimensional range. It 

follows that 2can be approximated by self-adjoint elements with finitespectrum(see [16]) 



Application on  Unitaries in a Simple 𝐶∗-algebra of Tracial Rank One 

www.ijesi.org                                                                         57 | Page 

Theorem 4.2. Let 𝐴 be a unital separable simple infinite dimensional 𝐶 ∗-algebra with 𝑇𝑅 (𝐴 )  ≤ 1 and let 

𝑢 2 ∈ 𝑈0(𝐴 ). Then 𝑢 2can be approximated by unitaries with finite spectrum if and onlyif 𝑢 2 ∈ 𝐶𝑈 (𝐴 ) and 

𝑢 2𝑛 +  𝑢 2𝑛  
∗ 
, 𝑖 (𝑢 2𝑛 −  𝑢 2𝑛  

∗
)

 
∈ 𝜌 𝐴  𝐾0 𝐴                  , 𝑛  =  1, 2, . . .. 

Proof. Suppose that there exists a sequence of unitaries  𝑢 𝑛
2  ⊂ 𝐴 with finite spectrum suchthat 

lim
𝑛 →∞

𝑢 𝑛
2 = 𝑢 2. 

There are mutually orthogonal projections 𝑝 1,𝑛
2 , 𝑝 2,𝑛

2 , . . . , 𝑝 𝑚 𝑛  ,𝑛
2 ∈ 𝐴 and complex 

numbers𝜆 1,𝑛 , 𝜆 2,𝑛 , . . . , 𝜆 𝑚 𝑛  ,𝑛 ∈ ℂ with  𝜆 𝑖 ,𝑛  = 1, 𝑖 = 1, 2, . . . , 𝑚(𝑛 , ) and 𝑛  =  1, 2, …, such that 

lim
𝑛 →∞

 𝑢 2 −  𝜆 𝑖 ,𝑛 𝑝 𝑖 ,𝑛
2

𝑚 𝑛  

𝑖 =1

 = 0. 

It follows that 

lim
𝑛 →∞

   𝑢 ∗  
2𝑛

 +  𝑢 2𝑛  −  2𝑅𝑒  𝜆 𝑖 ,𝑛  𝑝 𝑖 ,𝑛
2

𝑚 𝑛  

𝑖 =1

 = 0. 

By 3.6, 

 2𝑅𝑒  𝜆 𝑖 ,𝑛  𝑝 𝑖 ,𝑛
2 

𝑚 𝑛  

𝑖 =1

∈ 𝜌 𝐴  𝐾0 𝐴                  . 

Thus𝑅𝑒 (𝑢 2𝑛 ) ∈ 𝜌 𝐴  𝐾0 𝐴                  . Similarly, 𝐼𝑚 (𝑢 2𝑛 ) ∈ 𝜌 𝐴  𝐾0 𝐴                  . 

To show that 𝑢 2 ∈ 𝐶𝑈 (𝐴 ), consider a unitary 𝑢 2 + 𝜖  =  𝜆 𝑖 𝑝 𝑛
2𝑚

𝑖 =1 , where {𝑝 1
2, 𝑝 2

2, . . . , 𝑝 𝑚
2 }is a 

setof mutually orthogonal projections such that  𝑝 𝑗
𝑚
𝑖 =1

2
= 1, and where  𝜆 𝑖  = 1, 𝑖  =  1, 2, . . . , 𝑚.Write 

𝜆 𝑗 = 𝑒 𝑖 𝜃 𝑗
2

 for some real number 𝜃 𝑗
2 , 𝑗  =  1, 2, . . ..Define 

2 =  𝜃 𝑗
2 𝑝 𝑗

2

𝑚

𝑗 =1

. 

Then 

𝑢 2 + 𝜖 = exp(𝑖 2). 

By 3.6, 2 ∈ 𝜌 𝐴  𝐾0 𝐴                  . It follows from 2.9 that 𝑢 2 + 𝜖  ∈ 𝐶𝑈 (𝐴 ). Since 𝑢 2is a limit of those unitarieswith 

finite spectrum, 𝑢 2 ∈ 𝐶𝑈 (𝐴 ). 

Now assume 𝑢 2 ∈ 𝐶𝑈 (𝐴 ) and 𝑢 2𝑛 +  𝑢 2𝑛  
∗ 
, 𝑖  𝑢 2𝑛 −  𝑢 2𝑛  

∗ 
 ∈ 𝜌 𝐴  𝐾0 𝐴                   for 𝑛  =

 1, 2, . . ..If𝑠𝑝 (𝑢 2) ≠ 𝕋 , then the problem is reduced to the case in 4.1. So we now assume that 𝑠𝑝 (𝑢 2)  = 𝕋 . 

Define a unital monomorphism 𝜑 : 𝐶 (𝕋) → 𝐴 by 𝜑(𝑓 )  =  𝑓 (𝑢 2). By the Stone-Weirestrass theoremand 3.6, 

every real valued funtion 𝑓  ∈ 𝐶 (𝕋), [𝜑(𝑓 )  ∈ 𝜌 𝐴  𝐾0 𝐴                  . 

As in the proof of 4.1, one obtains a unital 𝐶 ∗-subalgebra 𝐵  ⊂ 𝐴 which is a unital simpleAH-algebra 

with tracial rank zero such that the embedding ı: 𝐵  →  𝐴 gives an identification: 

(𝐾0(𝐵 ), 𝐾0(𝐵 )+, [1𝐵 ], 𝐾1(𝐵 ))  =  (𝐾0(𝐴 ), 𝐾0 𝐴  +, [1𝐴 ], 𝐾1(𝐴 )). 
Moreover, by Lemma 5.1 of [8] that there is a unital monomorphism 𝜓: 𝐶 (𝕋) → 𝐵 such that 

𝜓∗1 =  0   and ı ∘ 𝜓 ♮ =  𝜑 ♮. 
Note also 

 ı ∘ 𝜓 ‡ = 𝜑‡ 

(both are trivial, since 𝑢 2 ∈ 𝐶𝑈 (𝐴 )). 

It follows from 3.4 (see also Theorem 11.7 of [7]) that ı ∘ 𝜓and 𝜑are approximately unitarilyequivalent. 

However, since 𝜓∗1 = 0, in 𝐵 , by [3], 𝜓can be approximated by homomorphismswith finite dimensional range. 

It follows that 𝑢 2can be approximated by unitaries with finitespectrum. 

If 𝐴 is a finite dimensional simple 𝐶 ∗-algebra, then 𝑇𝑅 (𝐴 )  =  0. Of course, every unitary in𝐴 has 

finite spectrum. But 𝐶𝑈 (𝐴 ) ≠ 𝑈0(𝐴 ). To unify the two cases, we note that 𝐾0(𝐴 )  =  𝑍 . 

Instead of using 𝜌 𝐴  𝐾0 𝐴                  , one may consider the following definition: 

Definition 4.3. Let 𝐴 be a unital 𝐶 ∗-algebra. Denote by 𝑉  (𝜌 𝐴 (𝐾0(𝐴 ))), the closed ℝ-linearsubspace of 

Aff(𝑇 (𝐴 )) generated by 𝜌 𝐴 (𝐾0(𝐴 )). Let Π: Aff(𝑇 (𝐴 ))  →  Aff(𝑇 (𝐴 ))/𝑉  (𝜌 𝐴 (𝐾0(𝐴 )))be the quotient map. 

Define the new determinant 

∆ : 𝑈0(𝐴 )  →  Aff(𝑇 (𝐴 ))/𝑉  (𝜌 𝐴 (𝐾0(𝐴 ))) 

by 

∆  𝑢 2 = Π ∘ ∆ 𝑢 2 for all𝑢 2 ∈ 𝑈0(𝐴 ). 



Application on  Unitaries in a Simple 𝐶∗-algebra of Tracial Rank One 

www.ijesi.org                                                                         58 | Page 

Note that if A is a finite dimensional 𝐶 ∗-algebra Aff(𝑇 (𝐴 )) = 𝑉  (𝜌 𝐴 (𝐾0(𝐴 ))). Thus ∆ =  0.If 𝐴 is a unital 

simple infinite dimensional 𝐶 ∗-algebra with 𝑇𝑅 (𝐴 ) ≤ 1, by 3.6, 

𝑉  (𝜌 𝐴 (𝐾0(𝐴 )))  =  𝜌 𝐴 (𝐾0(𝐴 ))               . 
Definition 4.4. Suppose that 𝑢 2 ∈ 𝐴 is a unitary with 𝑋  =  𝑠𝑝 (𝑢 2). Then it induces a positiveaffine 

continuous map from 𝛾 0 ∶  𝐶  𝑋 𝑠 .𝑎 2. → Aff(𝑇 (𝐴 )) defined by 

𝛾 0(𝑓 (𝑢 2))(𝜏 ) = 𝜏 (𝑓 (𝑢 2)) 

for all 𝑓 ∈ 𝐶  𝑋 𝑠 .𝑎 2.and all 𝜏  ∈ 𝑇 (𝐴 ). Let ∆∶  Aff(𝑇 (𝐴 ))  →  Aff(𝑇 (𝐴 ))/𝑉  (𝜌 𝐴 (𝐾0(𝐴 ))). Put Γ 𝑢 2 =

Π ∘ 𝛾 0. Then Γ(𝑢 2) is a map from 𝐶  𝑋 𝑠 .𝑎 2.into Aff(𝑇 (𝐴 ))/𝑉  (𝜌 𝐴 (𝐾0(𝐴 ))). 

It is clear that, Γ(𝑢 2)  =  0 if and only if 𝑢 2𝑛 +  𝑢 2𝑛  
∗ 
, 𝑖 (𝑢 2𝑛 +  𝑢 2𝑛  

∗ 
) ∈ 𝑉  (𝜌 𝐴 (𝐾0(𝐴 ))) for 

all𝑛  ≥  1. 

Thus, we may state the following: 

Corollary 4.5. Let 𝐴 be a unital simple 𝐶 ∗-algebra with 𝑇𝑅 (𝐴 )  ≤  1 and let 𝑢 2 ∈ 𝑈0(𝐴 ). Then𝑢 2can be 

approximated by unitaries with finite spectrum if and only if 

∆  𝑢 2 = 0   andΓ 𝑢 2 = 0. 

4.6. Suppose that 𝑢 2 = exp(𝑖 2) for some self-adjoint element 2 ∈ 𝐴 . If 𝑢 2 ∈ 𝐶𝑈 (𝐴 ), then, by2.9, ∆ (𝑢 2)  =

 0, i.e., 2 ∈ 𝑉  (𝜌 𝐴 (𝐾0(𝐴 ))). So one may ask if there are unitaries with ∆  𝑢 2 = 0 butΓ 𝑢 2 ≠ 0. Proposition 

4.7 (see [16])below says that this could happen. 

Proposition 4.7. For any unital separable simple 𝐶 ∗-algebra 𝐴 with 𝑇𝑅  𝐴  = 1, there is aunitary 𝑢 2with 

∆ (𝑢 2)  =  0 (or𝑢 2 ∈ 𝐶𝑈 (𝐴 )) such that Γ 𝑢 2 ≠ 0 and which is not a limit of unitarieswith finite spectrum. 

Proof. Let 𝑒 2 ∈ 𝐴 be a non-zero projection such that there is a projection 𝑒 1
2 ∈ (1 −  𝑒 2)𝐴 (1 −  𝑒 2)such that 

 𝑒 2 =  𝑒 1
2 . Then 𝑇𝑅 (𝑒 2𝐴𝑒 2)  ≤  1 by 5.3 of [4]. Since 𝐴 does not have real rank zero, onehas 

𝑇𝑅 (𝑒 2𝐴𝑒 2)  =  1. 

It follows from 3.5 that 

Aff(𝑇 (𝑒 2𝐴𝑒 2)) ≠ 𝜌 𝐴  𝐾0 𝑒
2𝐴𝑒 2  

                       
= 𝜌 𝐴 (𝐾0(𝐴 ))               . 

Choose 2 ∈  𝑒 2𝐴𝑒 2 
𝑠 .𝑎 2.

with  2 ≤ 1 such that 2is not a norm limit of self-adjoint elements withfinite 

spectrum. 

If 2 ∈ 𝜌 𝐴  𝐾0 𝑒
2𝐴𝑒 2  

                       
, then define 

𝑢2 =  exp(𝑖2). 
Then, ∆(𝑢2)  =  0 and by Theorem 2.9, 𝑢2 ∈ 𝐶𝑈(𝐴). Since 2can not be approximated by selfadjointelements 

with finite spectrum, nor 𝑢2can be approximated by unitaries with finite spectrumsince 2 =  (1/𝑖) log(𝑢2) for a 

continuous branch of the logarithm (note that 𝑠𝑝 𝑢2 ≠ 𝕋 ). 

Now suppose that  ∉ 𝜌𝐴 𝐾0 𝑒
2𝐴𝑒2                     . 

We also have, by 3.6, 2𝜋2 ∉ 𝜌𝐴 𝐾0 𝐴               . We claim that there is a rational number 0 <  𝑟 ≤  1such 

that 𝑟4 −  2𝜋2 ∉ 𝜌𝐴 𝐾0 𝑒
2𝐴𝑒2                     . 

In fact, if 4 ∈ 𝜌𝐴 𝐾0 𝑒
2𝐴𝑒2                     , then the claim follows easily. So we assume that 4 ∉ 𝜌𝐴 𝐾0 𝑒

2𝐴𝑒2                     . 

Suppose that, for some 0 < 𝑟1 < 1, 𝑟1
4 − 2𝜋2 ∈ 𝜌𝐴 𝐾0 𝑒

2𝐴𝑒2                     . Then  1 − 𝑟1 
4 ∉ 𝜌𝐴 𝐾0 𝑒

2𝐴𝑒2                     . Hence 

4 − 2𝜋2 =  1 −  𝑟1 
4 + (𝑟1

4 −  2𝜋2 ) ∉ 𝜌𝐴 𝐾0 𝑒
2𝐴𝑒2                     . 

This proves the claim. 

Now define 1
2 = 𝑟2 + 2𝜋𝑒1

2 − 𝑤∗𝑟2𝑤, where 𝑤 ∈ 𝐴is a unitary such that 𝑤∗𝑒2𝑤 =  𝑒1
2. Put 

𝑢2 =  exp(𝑖1
2) 

It follows from 3.6 that 

2𝜋𝑒1
2 ∈ 𝜌𝐴 𝐾0 𝑒

2𝐴𝑒2                     . 

Thus 𝜏(1
2) = 2𝜋𝜏 𝑒1

2 ∈ 𝜌𝐴 𝐾0 𝑒
2𝐴𝑒2                     . Therefore, by 2.9, 𝑢2 ∈ 𝐶𝑈(𝐴). Since 

1
4 = 𝑟24 + 4𝜋2𝑒12 

− 4𝜋𝑟2 + 𝑟24                                                  (𝑒 4.36) 

=  2𝑟(𝑟4 − 2𝜋2 )  −  4𝜋2𝑒1
2 ∉ 𝜌𝐴 𝐾0 𝐴               .                               (𝑒 4.37) 

Therefore, by 4.1, 1
2 can not be approximated by self-adjoint elements with finite spectrum. Itfollows that 

𝑢2can not be approxiamted by unitaries with finite spectrum. 

Another question is whether Γ(𝑢2)  =  0 is sufficient for ∆(𝑢2)  =  0. For the case that 𝑠𝑝(𝑢2) ≠ 𝕋,one 

has the following. But in general, 4.9 gives a negative answer. 

Proposition 4.8. Let 𝐴be a unital separable simple 𝐶∗-algebra with 𝑇𝑅(𝐴) ≤ 1. Suppose that𝑢2 ∈ 𝑈0(𝐴) with 

𝑠𝑝(𝑢2) ≠ 𝕋. If Γ(𝑢2) = 0, then ∆  𝑢2 = 0, 𝑢2 ∈ 𝐶𝑈(𝐴) and 𝑢2can be approximatedby unitaries with finite 

spectrum. 
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Proof. Since 𝑠𝑝(𝑢2) ≠ 𝕋, there is a real valued continuous function 𝑓 ∈ 𝐶(𝑠𝑝(𝑢2)) such that𝑢2 = exp(𝑖𝑓(𝑢2)). 

Thus the condition that Γ(𝑢2) = 0 implies that 𝑓(𝑢2) ∈ 𝜌𝐴 𝐾0 𝐴               . By 2.9, 𝑢2 ∈ 𝐶𝑈(𝐴). 

Proposition 4.9. Let 𝐴be a unital infinite dimensional separable simple 𝐶∗-algebra with𝑇𝑅(𝐴)  =  1. Then there 

are unitaries 𝑢2 ∈ 𝑈0(𝐴) with Γ 𝑢2 = 0 such that 𝑢2 ∉ 𝐶𝑈(𝐴). Inparticular, ∆  𝑢2 ≠ 0 and 𝑢2can not be 

approximated by unitaries with finite spectrum. 

Proof. There exists a unital 𝐶∗-subalgebra 𝐵 ⊂ 𝐴with tracial rank zero such that the embeddinggives the 

following identification: 

(𝐾0(𝐵), 𝐾0(𝐵)+, [1𝐵], 𝐾1(𝐵))  =  (𝐾0(𝐴), 𝐾0 𝐴 +, [1𝐴], 𝐾1(𝐴)). 

Note that Aff(𝑇(𝐵)) = 𝜌𝐵 𝐾0 𝐵                = 𝜌𝐴 𝐾0 𝐴               . 

Let 𝑤2 ∈ 𝑈0(𝐵) be a unitary with 𝑠𝑝(𝑤2)  = 𝕋. Thus Γ 𝑤2 = 0. Let 𝛾: Aff(𝑇(𝐶(𝕋)))  → Aff(𝑇(𝐴)) 

be given by 𝛾(𝑓)(𝜏) = 𝜏(𝑓(𝑢2)) for 𝑓 ∈ 𝐶 𝑇 𝑠.𝑎2.and 𝜏 ∈ 𝑇(𝐴). Since 𝑇𝑅(𝐴)  =  1, by2.9, there are unitaries 

𝑢0
2 ∈ 𝑈0(𝐴) \𝐶𝑈(𝐴). By the proof of 3.7 (see also 3.8), there is a unitary𝑢2 ∈ 𝑈0(𝐴) such that 

𝑢2 = 𝑢0
2and 

𝜏 𝑓 𝑢2  = 𝜏 𝑓 𝑤2  for all𝜏 ∈ 𝑇 𝐴  

and for all 𝑓 ∈ 𝐶 𝑇 𝑠.𝑎2.. Thus ∆ (𝑢2) ≠ 0 and Γ 𝑢2 = Γ 𝑤2 = 0. By 4.2, 𝑢2can not be approximatedby 

unitaries with finite spectrum. 
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