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I. Introduction

In 1965 the concept of fuzzy sets was defined by Zadeh [15]. Since then, to use this concept in
topology and analysis, many authors have expansively developed the theory of fuzzy sets and applications. As a
generalization of fuzzy sets, Atanassov [3] introduced and studied the concept of intuitionistic fuzzy sets, In
2004, Park [10] defined the concept of intuitionistic fuzzy metric space with the help of continuous t- norms and
continuous t-conorms. Recently, in 2006, Alaca et. al. [1] using the notion of intuitionistic fuzzy sets, defined
the concept of intuitionistic fuzzy metric space with the help of continuous t-normsand continuous t-
conorms as a generalization of fuzzy metric space which is introduced by Kramosil and Michalek [8]. Turkoglu
et. al. [13] gave generalization of Jungck’s [6] common fixed point theorem in intuitionistic fuzzy metric spaces.
They first created the concept of weakly commuting and R-weaklycommuting mappings in intuitionistic fuzzy
metric spaces. The concept of weakly compatible mappings is most general as each pair of compatible mappings
is weakly compatible but the converse is not true. After that, many authors proved common fixed point theorems
using different mappings in such spaces. Pant[9] introduced the concept of weakly compatible mappings is
most general as every commuting pair is R-weakly commuting ,each pair of R-weakly commuting mapping is
compatible and each pair of compatible mappings is weakly compatible but reverse is not true. Cho, Sharma and
Sahu[4] have introduced the notion of semi compatible mapping. The aim of this paper is to use the concept of
semi compatible mapping and prove common fixed point theorem for six semi compatible mapping in
intuitionistic fuzzy metric space using implicit relations.

Il. Preliminaries
DEFINITION (2.1)[10]: A binary operation *: [0, 1] x [0, 1]—[O0, 1] is continuous t-norm if * is satisfying the
following conditions:
(i) * is commutative and associative;
(if) * is continuous;
(iii) a* 1 = a for all ae [0, 1];
(iv)a*b<c*dwhenevera<candb<dforalla,b,c, de [0, 1].
DEFINITION (2.2)[10]: A binary operation ¢: [0, 1]x [0, 1]—[0, 1] is continuous t-conorm if ¢ is satisfying
the following conditions:
(i) ¢ is commutative and associative;
(ii) ¢ is continuous;
(ili)a 0 0 =aforalla e [0, 1];
(iv)a0b>c 0 dwhenevera<candb<dforalla,b,c, de [0, 1].

DEFINITION (2.3)[1]: A 5-tuple (X, M, N, *, 0) is said to be an intuitionistic fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conormand M, N are fuzzy sets on X?x (0, o)
satisfying the following conditions:-
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(1) M, y,t) +N(x,y,t) <1, forall x,y e Xand t > 0;

(i) M(x,y, 0) = 0, for all x, y € X;

(i) M(x, y, t) =1, forall x, y e X and t > 0 if and only if x = y;

(iv) M(x, y, t) = M(y, x, 1), for all x, y e Xand t > 0;

(V) M(X, y, t) * M(y, z, 8) <M(X, z,t+s), forall x,y,ze Xand s, t > 0;

(vi) For all x, y € X, M(X, y,): [0, o0) — [0, 1] is continuous;

(vii) lim_,, M(x y t) =1, forall x, ye Xand t > 0;

(viii) N(x, y,0) =1forall x,y € X;

(ixX) N(x, y, t) =0 forall x, ye Xand t> 0 ifand only if x = y;

(X) N(x, ¥y, t) = N(y, x, t) for all x, ye X and t > 0;

(x1) N(x, y, t) O N(y, z, 8) > N(X, z, t + s) for all X, y, ze X and s, t > 0;

(xii) For all x, y € X, N(X, ¥, -) : [0, 0)—[0, 1] is continuous;

(xiii)lim,_,., N(x y t) = 0,for all x, y in X.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and
N(X, y, t) denote the degree of nearness and the degree of non-nearness between x and y with respect to t,
respectively.

REMARK(]2.1]:Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the form (X,
M, 1-M, *, 0) such that t-norm * and t-conorm ¢ are associated as:
x0y=1-((1-x) *(1-y)), for all x, ye X

REMARK]2.2]:In intuitionistic fuzzy metric space (X, M, N, *, 0), M(x, y, .) isnon-decreasing and N(X, Y, -)
is non-increasing for all x, y € X.

EXAMPLE[2.1]:Let (X, d) be a metric space, define t-norm a * b=Min {a, b} and t- conorma ¢ b = Max{a b}
and for all x,ye Xandt>0
: 1 Nd(nylt) =

Ma(xy.0) = t+d(xy) t+d(xy)
Then (X, M, N, * 0) is an intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric (M, N)
induced by the metric d the standard intuitionistic fuzzy metric.

dxy)

DEFINITION (2.4)[1]: Let (X, M, N, *, ) be an intuitionistic fuzzy metric space. Then
(a) A sequence {x,} in X is said to be Cauchy sequence if forallt>0and p >0,

limy e M(Xnap Xn 1) = 1,1iMy oo N(Xpsp Xn 1) =0

(b) ) A Sequence {x,}in X is said to be Convergent to a point xe X if , for all t >0,
liMy e M(Xnip Xn 1) = 1,1iM ;oo N(Xnsp Xn 1) =0

Since * and ¢ are continuous, the limit is uniquely determined from (v) and (xi) of definition (2.3), respectively.

DEFINITION (2.5)[1]: An intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be complete if and only if
every Cauchy sequence in X is convergent.

DEFINITION (2.6)[11]: Let A and B be mappings from an intuitionistic fuzzy metric space (X, M, N, *, 0)
into itself. Then the maps A and B are said to be compatible if, for all t > 0,

lim, ., M(ABX, BAX,, t) =1lim,_,N(ABx, BAX, t) =0
Whenever {x,} is a sequence in X such that- lim, ., Ax, = limp, ., BX, =X, for some xe X.

DEFINITION (2.7)[12]: Let A and B be mappings from an intuitionistic fuzzy metric space (X, M, N, *, 0)
into itself. Then the maps A and B are said to be Semi-compatible if,

lim, ., M(ABX, Bx,t) =1, lim,_,,, N(ABx, Bx,t) =0, forallt>0,

Whenever {x,} is a sequence in X such that- lim, _,,Ax, =lim,_,,BxX,=Xx, for some xe X.

DEFINITION (2.8)[7]: Two self-maps A and B in a intuitionistic fuzzy metric space (X, M, N, *, 0) is said to
be weak compatible if they commute at their coincidence points. i.e. Ax = Bx for some x in X, then ABx = BAX.
DEFINITION (2.9)[7]: Let (X, M, N, *,0) be an intuitionistic fuzzy metric space, A and B be self-maps in X,
Then a point x in X is called a coincidence point of A and B iff Ax = Bx. In this case y = Ax = Bx is called a
point of coincidence of A and B.
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It is easy to see that two compatible maps are weakly compatible but converse is not true.
Lemma (2.1)[1]: Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space and{y,} be a sequence in X , if

there exist a number ke(0, 1) such that
M( Yn+2, Yn+1 kt) = M( Yn+1, Yn, t)
N( yn+2, yn+]_ ,kt ) < N( Yn+]_' yn, ' t)
forallt>0andn=1, 2,3, ..., then {y,} is a Cauchy sequence in X.

Lemma (2.2)[14]: Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space and for all x, y in X, t > 0 and if
there exists a number k €(0, 1)

M(X, y, kt) >M(x, y, t) andN(x, y, kt) <N(x, y, t), thenx=y.
Proposition 2.1.Let {x,} be a Cauchy sequence in intuitionistic fuzzy metric space (X, M, N, * 0) with
continuous t-norm t. If the subsequence {x,,} converges to x in X, then {x,} also converges to x.
A class of implicit relation.Let ®be the set of all real continuous functions

o (R+)4—> R, non-decreasing in the first argument with the property :
a. Foru,v>0, ¢(u,v,v,u)>0 or ¢(uv,u,v) >0 implies that u>v.
b. ¢o(u, U, 1, 1) > 0 implies that u > 1.
Example 2.1.Define: ¢(ty,t5,t3,t4) = 18t - 16ty + 8ty - 10t,,
and \P(tl,tz,ts,t4) = 18t1 - 16t2 + 8t3 - 10t4 Then (I), Yed.
3. Main Result.
Theorem 3.1.Let A, B, L, M, S and T be self-mappings on anintuitionistic fuzzy metric space
(X, M, N, *,0) with continuous t-norm and continuous t-conorm satisfying:
(3.1.1) L(X)=ST(X), M(X)<=(X);
(3.1.2) ST(X) and AB(X) are Complete subspace of X.
(3.1.3) the pairs (L, AB) is semi compatible and (M, ST) are weak-compatible;
(3.1.4) Either AB or L is continuous;
(3.1.5) for some ¢, Yed, there exists k €(0, 1) such that for all X,y eXand t> 0,
o[M(Lx,My,kt ),M(ABx,STy,t ), M(Lx,ABX,t), M(My,STy,kt)]> 0
and W[N(Lx,Mykt), N(ABx,STy,t), N(Lx,ABXx,t), N(My,STy,kt)] <0
then A, B,L,M, Sand T have a uniqgue common fixed point in X.
Proof. Let X € X. From condition (3.1.1),3 X, xzeX such that

Lx =STx; =y and Mxq, =ABx, =Yy
0 177 1 277,
Inductively, we can construct sequences {x} and {y,} in X such that

Lxon=STXon1 =Y, and  Mxoniq = ABXonin =Yonsg
forn=0,1,2, ...
Step 1.Putting X = Xoqand y = X941 in (3.1.5), we get
¢[M(LX2n MX2n+l,kt),M(ABX2n STX2n+l,t),M(LX2n ABX2n’t)’M(MX2n+l STX2n+l,kt)]20and
\P[N(LXZn’MXZrH_l,kt )*N(ABXZnSTX2n+1’t)’N(LXZn,ABXZn ,t),N(Mx2n+1lSTx2n+1,kt)] <0.

Letting n —o0, we get
oIM(y,, v, . KO, My, v, O, M(y, y, .0 My, v, kt)=0

2m” 2n+1’ 2n-1,” 2n 2n+1,7 2n

\y[N(yZn’yZnﬂ’ ko), N(y2n»1’y2n 0, N(yzn’ y2n»1’ ), N((y2n+1’y2n kE)]= 0.
Using (a), we get

M(YonYon+1:KDZ M(yon.1.Yon 1) andN(YonYon41.KE)< Nyon.1.Y2p, O
Therefore, for all n even or odd, we have

M( yn’yr]+]_akt )2 M(Yn-_‘]_,ynl t) andN( yn,yn+1skt )S N(Yn-]_,ynl t)'

Therefore, by lemma 2.1, {y,,} is a Cauchy sequence in X, Which is complete. Therefore {y,} convergesto z €
X. it subsequence converges as follows:

{Mxzn1}—2 and {STxops1}— 2

{LXon}—2 and {ABXx,,}— z.

Case I. AB is continuous. Since AB is continuous, AB(AB) x,,— ABz and (AB)Lx,,— ABz
Since (L, AB) is semi compatible then L(AB) x,,— ABz.
Step 2.Putting X = ABXo, and y =Xn4 in (3.1.5) we get,
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o[ M{L(AB)xzn’szm kt }, M{AB(AB)XZn, ST Xons1 1t} M{L(AB)xZn,AB(AB)XZn,t }
M{MXzn+1, STXzn41 ,Kt}]> 0
Y[{ N(L(AB)xZn’szml kt }, N{AB(AB)XZn’ ST Xone1 5t} N{L(AB)xZn,AB(AB)xzn t}
N{MXzn+1, STXzn+1 ,Kt}] <0
Taking limit as n —o be get
o[ M{ABz,z,kt }, M{ABz, z ,t}, M{ABz, ABz .t }, M{z, z ki}]>0 and
Y[ N{ABz,zkt }, N{ABz, z ,t}, N{ABz, ABz ,t }, N{z, z ,kt}] <0
=>¢[ M{ABz,z,kt}, M{ABz,z t},1,1]>0 and
Y[ N{ABz,z,kt }, N{ABz, z t},1,1]<0
As ¢is non-decreasing and W is non-increasing in the first argument, we have
=>¢[ M{ABz,z;t}, M{ABz,z t},1,1]>0 and
Y[ N{ABz,zt }, N{ABz, z ,t},1, 1] <0
Using (b) we have
M{ABz,z,t}=1,forallt>0
N{ABz,z,t} =0, forallt>0
Thus
ABz =2
Step 3.Putting X =z and y =X,p4q in (3.1.5) we get,
o[ M{Lz,szm kt}, M{ABZ’ ST Xons1 ,t} M{Lz7ABz t M{MXop+1, STXon41 ,kt}] >0  and

YI{ N(LZ MXzp41 ,kt }, N{ABZ ST Xon+1 ,t}, N{LZ ABz ,t }, N{MXop+1, STXon+1 ,kt}] <0

Taking limit as n — be get
o[ M{Lz z kt }, M{ABz z ,t}, M{Lz ABz ,t} M{z,z kt}]>0 and

Y[{ N(Lz,z Kt} N{ABz, z t}, N{LZ,ABZ 43, N{z,z kt}]<0

=>¢[ M{Lz’z Kt} 1, M{Lz!z t},1]1>0 and

YI[{ N(Lz’z kth 1, N{Lz’z t}111<0

As ¢is non-decreasing and W is non-increasing in the first argument, we have
=>¢[ M{Lz’z t} 1, M{Lz,z t},1]1>0 and

YIN{(Lzz ,t} 1, N{Lzz,t},1]<0

Using (b) We have ,

M{Lz,z,t}=1,forallt>0
N{Lz,z,t}=0,forallt>0

Thus Lz=z2
Combine the result from step 11 and step 111, we have
ABz=Lz=z

Step 4.Putting X = Bz and y =X,n41 in (3.1.5) we get,
o[ M{L(Bz), Mxpn1 ,kt}, M{AB(Bz), ST Xzn1 ,t}, M{L(Bz), AB(Bz) ,t },
M{MXzp+1, STX2n41 ,Kt}] >0 and
Y[ N{(L(Bz), Mxzn1 .kt }, N{AB(Bz), ST Xon+1 ,t}, N{L(Bz), AB(Bz) ,t },
N{MXzn+1, STXon+1 ,kt}] <0
Taking limit as n —oo we get
o[ M{Bz, z kt}, M{Bz, z, t}, M{Bz, Bz ,t }, M{z, z kt}] >0 and
Y[ N{Bz, z kt }, N{Bz, z ,t}, N{Bz, Bz ,t } , N{z, z kt}] <0
=>¢[ M{Bz, z kt}, M{Bz,z,1},1,1]>0 and
W[ N{Bz, z kt }, N{Bz, z,t},1,1]<0
As ¢is non-decreasing and ¥ is non-increasing in the first argument, we have
=>¢[ M{Bz,z t} M{Bz,zt},1,1]1>0 and
Y[N{Bz,z,t},N{Bz, z,t},1,1]<[] 0
Using (b) we have
M{Bz,z,t}=1,forallt>0
N{Bz,z,t}=0,forallt>0

Thus Bz=z
Combine the result from step 2, step 3, and step 4we have
z=Az=Bz=Lz

Step 5. Since L(X) < ST(X). there exist v € X such that z= Lz = STv . Putting X = Xo, and
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y =vin (3.1.5) we get,

o[ M{Lxo, Mv kt}, M{ABX,y, STV t}, M{Lxo, ABX,, ,t}, M{Mv, STv ki}]>0 and
W[ N{Lxoq Mv kt}, N{ABX5, STV t}, N{Lxy, ABXpp .t }, N{Mv, STv kt}]<0
Taking limit as n —oo be get

o[ M{z Mv kt}, M{z STv t}, M{z z t}, M{Mv, STv kt}]>0 and

YIN{zMv kt} N{z STv t}, N{z,z ,t}, N{Mv, STv ,kt}]<0

=>¢[ M{z Mv kt} 1,1, M{Mv, STv kt}] >0 and

W[ N{zMv kt}, 1,1, N{Mv, STv ,kt}] <0

As ¢is non-decreasing and W is non-increasing in the first argument, we have
=>¢0[M{zMv t} 1,1, M{Mv, STv ,t}]>0 and

YI[N{zMv.t}, 1,1, N{Mv, STv t}]<0

Using (b) we have
M{z, Mv,t}=1,forallt>0
N{z, Mv,t}=0, forallt>0
Thus z=Mv
Therefore z= Mv = STv . since (M, ST) is weakly compatible , we get that M(STv) = ST(Mv).
Thatis, Mz =STz.
Step 6 . Putting X = x5, and y =z in (3.1.5) and using step 5 , we have

o[ M{Lx2n’Mz Kt} M{ABXZn, STz t}, M{Lx2n, ABXyp, ,t} M{Mz, STz kt}] >0 and
Y[ N{Lx2n,Mz Kt} N{ABxZn, STz t}, N{LXZn,ABXZn g4}, N{Mz, STz kt}]<0
Taking limit as n — be get

o[ M{Z’MZ kt}, M{z, Mz,t}, M{z, z t}, M{Mz,Mz kt}]>0 and

Y[ N{z,Mz Kt} N{z, Mz t}, N{z! z,t}, N{Mz, Mz kt}]1<0

=>¢[ M{z Mz kt }, M{z, Mz,t}, 1, 1]>0 and

Y[ N{zll\/,Iz Kt} N{z, Mz t}, 1, 110

As ¢is non-decreasing and ¥ is non-increasing in the first argument, we have
=>¢[M{zMz t} M{z, Mz}, 1, 1]1>0 and

Y[ N{zll\/,Iz t} N{z’ Mz t}, 1, 1]1<0

Using (b) we have
M{z, Mz ,t}=1,forallt>0
N{z,Mz,t}=0,forallt>0
Thus z=Mz=STz.

Step 7.Putting X = Xo, and y = Tz in (3.1.5) and using step 5 , we have
o[ M{Lxy, M(T2) kt }, M{ABX,, ST(T2) ,t}, M{LXy, ABX,, t}, M{M(T2), ST(TZ) kt}]= 0 and
WIN{Lxy, M(T2) ,kt }, N{ABXy, ST(T2) t}, N{Lx5, ABXy .t }, N{M(Tz), ST(Tz) kt}] <0

Taking limit as n —oo, we get
O[M{zTz kt}, M{z Tz t}, M{z,z t}, M{Tz, Tz kt}]>0 and

Y[ N{z, Tz ,kt }, N{z, Tz ,t},N{z,z t }, N{ Tz, Tz ,kt}] <0
=>¢[M{zTz kt}, M{z Tz ,t},1,1]1>0 and

Y[ N{z, Tz ,kt }, N{z, Tz ,t},1, 1]<0
As ¢is non-decreasing and ¥ is non-increasing in the first argument, we have
>¢0[M{zTz ,t} M{z Tz ,t},1,1]>0 and

Y[ N{z, Tz ,t},N{z, Tz t},1, 1] <0
Using (b) we have
M{z, Tz,t}=1,forallt>0
N{z, Tz,t}=0,forallt>0
Thus z=Tz.since Tz=STz, we also have z =Sz
Therefore, z=Az=Bz=Lz=Mz=Sz=Tz
That is z is common fixed point of six maps.
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Case Il:L is continuous. Since L is continuous, LLx,,— Lz and L(AB)xy,—Lz

Since (L, AB) is semicompatible then L(AB) x,,— ABz.

By uniqueness of limit in intuitionistic fuzzy metric space, we obtained that Lz = ABz .
Step 8: Putting X = zand y = X541 in (3.1.5) we get,

o[ M{Lz’Mx2n+1, kt }, M{ABz' STXon+1s t},M{Lz' ABZ t } M{Mxo 41, STXpp41 Kt}] =0 and
Y[ N{Lz,Mx2n+1 Kt} N{ABz, STXon+1: th N{Lz’ABz 23 N{Mx5p41, STXop41.kt} < 0
Taking limit as n —oo, we get

o[ M{Lz’z, kt }, M{Lz, z,t}, M{Lz' Lz t}, M{z,z kt}]>0 and

Y[ N{Lz,z kt}, N{Lz'z, t}, N{Lz’Lz 3} N{z, zkt}]<0

=>¢[ M{Lz’z, kt }, M{Lz, z,1},1,11>0 and

Y[ N{Lz,z Kt} N{Lz’ z,t}, 1, 11<0

As ¢is non-decreasing and ¥ is non-increasing in the first argument, we have

=>¢[M{Lzz,t} M{Lz z,t},1,1]>0 and

Y[ N{Lz,z,,t } N{Lz’ z: t}, 1,1]<0

Using (b) we have
M{z,Lz,t}=1,forallt>0
N{z,Lz,t}=0,forallt>0
Thus we have z = Lz therefore z = Lz = ABz and the rest of the proof follows from step 4.
Uniqueness :let w be another fixed point of A, B, L, M, Sand T thenw=Aw =Bw=Lw=Mw = Sw
=Tw.
By taking x =z and y = w in (3.1.5) and we have
| M{LZ’MW, kt }, M{ABz, STw, t}, M{Lz, ABz t}, M{Mw, STw kt}]>0 and

Y[ N{LZ’MW Kt} N{ABZ, STw, t}, N{Lz,ABz 3} N{Mw, STw kt}]<0
=>¢[ M{z’w, kt }, M{z, w, t}, M{z, z,t} M{w,w kt}]>0 and
YIN{zw kt} N{z w,t}, N{zz,t} N{w, w, kt}]<0

=>¢[ M{z’w, kt }, M,{z, w, t}, 1,,1] >0 and

Y[ N{zlw kt}, N{z’ w, t}, 1, 1]<0

As ¢is non-decreasing and ¥ is non-increasing in the first argument, we have
=>¢[M{zw,t} M{z w,1},1,1]>0 and

Y[ N{zlw 1t} N{z’ w,t}, 1, 1]<0

Using (b) we have
M{z,w,t}=1,forallt>0
N{z,w,t}=0,forallt>0
Thus z = w and z is the unique common fixed point of the self-maps A, B, L, M, Sand T.
On taking B=T =1 (the identity maps on X) in the main theorem, we have the following:
Corollary 3.2 : Let A, L, M and S be self-mappings on an intuitionistic fuzzy metric space
(X, M, N, *,0) with continuous t-norm and continuous t-conorm satisfying:

(3.1.1) L(X) €S(X), M(X) &(X);

(3.12.2) S(X) and A(X) are Complete subspace of X.

(3.1.3) the pairs (L, A) is semi compatible and (M, S) are weak-compatible;
(3.1.4) Either A or L is continuous;

(3.1.5) for some ¢, Y€, there exists k €(0, 1) such that for all x, y eX and t > 0,

o( M(Lx,My,kt ),M(AX,Sy, t ), M(Lx,Ax,t), M(My,Sy kt)) >0
and  W(N(Lx,My,kt ), N(Ax,Sy.t ), N(Lx,Ax,t), N(My,Sy,kt)) < 0
then A, L,M and S have a unique common fixed point in X.
Example3.1: Let(x, d) be a Metric space, where X=[0, 1] and(X, M, N, *, 0) be an intuitionistic fuzzy metric
space, Define self-maps L, M, A and S as follows:
5
LX)=M(X)= { 0. xelogl

1 —x, otherwise
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4
A(X)= { 0, x€[0]
1 —x, otherwise
3
S(X)= { 0, xefog]
1 —x, otherwise
Then L(X):M(X):[O%) AX)=[0, %] and S(X):[O&], Hence the pair (L, A) and (M, A) are weak compatible
and A(X) is complete . Further, for k :§ the condition (3.1.3) is satisfied. Thus, 0 is the unique common fixed
point of the mappings A, L, M, andS.

I11. Conclusion
In view of theorem3.1 is generalization of the result. The concept of semi compatible mapping and prove
common fixed point theorem for six semi compatible mapping in intuitionistic fuzzy metric space using implicit
relations.
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